
Stabilization of External Filter Cake by Colloidal Forces in a “Well−
Reservoir” System
A. Kalantariasl and P. Bedrikovetsky*

Australian School of Petroleum, University of Adelaide, Adelaide, South Australia 5005, Australia

ABSTRACT: Growth of an external filter cake with its final stabilization has been widely reported for waterflooding in oilfields,
well drilling, fresh water storage, and industrial waste disposal in aquifers. We derive the mechanical equilibrium equation for
stabilized cake accounting for electrostatic force and for varying permeate force factor. The main empirical parameter of the
model, highly affecting the stabilized cake prediction, is the lever arm ratio for the particle on the cake surface. The lever arm ratio
was calculated from laboratory cross-flow filtration experiments and from well injectivity data. It was also determined from
Hertz’s theory for the elastic particle deformation on the solid cake surface. Good agreement between the results validates the
developed mechanical equilibrium model with the lever arm ratio determined from the elastic particle deformation theory.

1. INTRODUCTION
The major fraction of world oil is produced by water flooding,
where the injected water displaces oil and maintains the
reservoir pressure. Water injection occurs also during the
disposal of produced water in aquifers, storage of fresh water in
aquifers, disposal of industrial wastes in subterranean
formations, etc.1−3 According to Darcy’s law, water flux is
proportional to pressure gradient. Therefore, the injected rate is
proportional to pressure difference between the well and the
reservoir. The proportionality coefficient is called well
injectivity index and is the major indicator of well efficiency.
Well injectivity decline is described by increasing of the so-
called well impedance, which is the normalized inverse to well
injectivity index1
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where q is the volumetric well rate, pw and pres are wellbore and
reservoir pressure, respectively, and Δp is the pressure
drawdown.
Drastic decline of injectivity index is a widespread

phenomenon during the injection of seawater, reinjection of
produced water, and injection of any poor quality water. The
injected water carries the suspended particles into the reservoir,
where they are captured by the rock resulting in permeability
decline. When the injected particles plug the inlet reservoir
cross section, the formation of low permeable external filter
cake occurs (Figure 1a). It yields the decline in well injectivity.
The theory of suspension transport in rocks is a well-

developed area of porous media hydrodynamics;4−7 it provides
with the explicit formulas for well injectivity decline.8−12 Deep
bed filtration of aqueous colloids and suspensions is described
by the so-called classical filtration theory. Mathematical models
have been developed for attachment, straining, and other
mechanisms of the particle capture as well as for particle
detachment.1,2,13−15 The system of governing equations for
deep bed filtration allows for exact solution in the case of axi
symmetric flow of low concentration suspensions. The
distinguished feature of the solution is the linear impedance

dependency of the amount of injected particles.1−3,8,10,12 An
analytical model was used for prediction of the injection well
behavior and for characterization of the coupled deep bed
filtration and cake formation system from well injection
history.8−12,16,17

Starting from the moment of significant plugging of the sand-
face by the captured particles, where the nonplugged pores do
not form an infinite cluster anymore, the particles do not
penetrate into the formation, and the particles accumulation on
the well wall surface in compacted low permeable external filter
cake occurs.1,3,8−12 The assumption of cake incompressibility
yields a linear impedance growth versus the amount of injected
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Figure 1. Mechanical equilibrium of particle on the surface of external
filter cake on the well wall: (a) deep bed filtration and external filter
cake formation during water injection; (b) zoom showing forces
exerting the particle.
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particles.8,10,12,18 The analytical model allows predicting the
injection well behavior during the cake formation.
Similar processes occur during drilling of oil, geothermal, and

artesian wells: first drilling mud invades the formation, and then
the drilling particles form an external filter cake that stabilizes
with time due to particle dislodgement.
The external filter cake stabilization after the well injectivity

decline has been widely reported in the literature.10,17,19 The
equations for the external filter cake stabilization by different
colloidal forces have been presented in refs 18, 20, and 21.
Nevertheless, the electrostatic force has been neglected, and the
permeate factor variation has been ignored in the model. The
above works either do not compare the modeling results with

field and laboratory data or do not interpret the values of the
model parameters obtained by the tuning. The stabilized
injectivity value and the stabilization time are the most
important parameters in the well behavior forecast. However,
to the best of our knowledge, the reliable predictive model for
stabilized cake is not available in the literature.
In the present work, the mathematical model for stabilization

of external cake accounting for electrostatic force and varying
permeate factor is developed. The dimensionless analysis of the
derived system allows defining the lever arm ratio that is found
to be a main parameter determining the stabilized cake. The
lever arm ratio was found using the Hertz’s theory for the
particle deformation on the solid surface. It was also

Figure 2. Matching the field data by the analytical model for well injectivity decline: (a) well A (Campos Basin, Brazil); (b) well B (Gulf of Mexico,
U.S.A.); (c) well C (LSU, Wyoming, U.S.A.).
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determined from the laboratory data and well injectivity data.
The obtained lever arm ratio values show a good agreement
between those predicted theoretically and the laboratory- and
field-based values. It validates the model proposed and allows
using the model for reliable predictions.
The structure of the paper is as follows. Deep bed filtration

and external filter cake formation during water injection are
described in Section 2; the main formulas for well impedance
are presented in the Appendix. Section 3 presents expressions
for all fluid−particle−solid surface forces, which are used in
Section 4 in the equation for torque balance equilibrium of the
external cake. The lever arm ratio as the main parameter
defining the cake stabilization is also introduced in this Section.
Section 5 contains determination of the lever arm ratio from
well data, from laboratory tests, and from the Hertz particle
deformation theory, followed by the comparison of those
obtained by the above three methods. Discussion of the model
validity and its applications concludes the paper.

2. DEEP BED FILTRATION AND EXTERNAL FILTER
CAKE FORMATION

Following papers 4, 8, and 11, in the current Section we briefly
describe well injectivity decline due to deep bed filtration of the
injected particles and external filter cake formation on the well
wall. The increase of injection well impedance is determined by
the colloidal phenomena of deep bed filtration in the reservoir
following the formation of external filter cake. The typical
impedance curve consists of two tilted straight lines and one
horizontal line (Figure 2).
Figure 1a shows penetration of the injected particles into

porous media with the subsequent capture. The phenomenon is
characterized by the filtration coefficient λ, which is the particle
capture probability per unit length of its trajectory, and by the
formation damage coefficient β that is the increase of reciprocal
to permeability per unit concentration of retained particles. The
well impedance grows linearly versus time during the particle
penetration into the reservoir, see eq A-1 in the Appendix. The
slope of the linear dependency J(tD) is proportional to the
formation damage coefficient and to the injected concentration;
it also depends on the filtration coefficient. Formulas A-1,2
show that the impedance is proportional to volume of injected
particles.
At some moment, the retained concentration reaches the αth

fraction of porosityαϕ, which is large enough for the
remaining conductive pores not to form an infinite cluster.
From this moment on, the injected particles do not penetrate
into the rock anymore while the injected carrier water does
penetrate. So, the entrance reservoir cross section acts as an
ideal filter, allowing water to pass but holding the particles. The
value of the corresponding transition time is given by formula
A-3 that originates from works 8 and 10. The transition time is
determined by the critical porosity ratio α and the filtration
coefficient λ.
However, micro-heterogeneity of the rock surface and

particle size distribution may cause formation of the cake that
does not form a continuous layer.21 Two simultaneous
processes of deep bed filtration and cake formation can occur
in this case substituting a simple notion of the transition time.
The particles start forming an external filter cake after the

transition time.8−12 It is assumed that the cake is incompres-
sible. Therefore, volume of the cake is equal to the amount of
particles injected since transition time is divided by the
volumetric fraction of solid particles in the cake; see eq A-4. It

yields the linear impedance dependency of time, eq A-5. The
impedance growth coefficient mc is proportional to the ratio
between the reservoir and cake permeabilities and also to
concentration of the injected particles. Since the impedance
and cake thickness are linear functions of dimensionless time tD,
the impedance is also a linear function of the cake thickness;
see eq A-6. This fact will be used for calculation of the stabilized
cake thickness from the stabilized impedance value in Section 5.
Cake compressibility and deep bed filtration of small particles

via the large-particle cake yield a nonlinear impedance growth.
Figure 2a,b,c shows raw data of well impedance for three

injection wells reported in the papers 10, 17, and 19. The
graphs of the increasing impedance curves can be approximated
by two piece-wise straight lines with high accuracy; i.e., the well
behavior fits well to the mathematical model A-1,5. The
impedance stabilizes with time for all three cases shown in
Figure 2. The mathematical model for cake stabilization is
defined by mechanical equilibrium of a single particle on the
cake surface (Figure 1). In the next Section, the forces exerting
the particle on the surface of the external filter cake are
presented.

3. FORCES EXERTING ON THE PARTICLE AT THE
EXTERNAL CAKE SURFACE

Figure 1a shows the stream lines for injected water in the
wellbore and in the reservoir. The particles carried by water are
deposited at the cake surface after the transition time. A particle
on the cake surface is submitted to the drag, permeate, lifting,
buoyancy, and electrostatic forces. Figure 1b corresponds to the
case of attractive electrostatic force. Electrostatic and permeate
forces attach the particles to the surface, while drag, lifting, and
gravitational forces detach them.

Drag Force. The expression for drag force exerting the
particle on the plane surface is obtained from asymptotic
solution of the Navier−Stokes equations by O’Neil22 and is
widely used in modeling of particle attachment and detachment
in porous media1,6,7,13,14,23

ωπμ= | −F r u H rd s t s (2)

where μ is the viscosity, rs is the particle radius, H is a half-
width of the channel, ut is the tangential cross-flow velocity of
fluid in the center of the particle, and the drag factor ω is equal
to 6 × 1.7. The case of ω = 6 corresponds to the Stokes formula
for a particle in the uniform boundary-free flux.24

Velocities in the center of the particle situated on the pore
wall are
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for Hele-Shaw flow in a slot and for Poiseuille flow in tube,
respectively.24 Here u̅ is an average velocity through a slot and
rw is well radius. The well rate q is assumed to be a double
average cross-flow rate where it linearly decreases from q at the
reservoir top to zero at its bottom along the reservoir thickness.
Further in the text, formula 3 will be used to interpret the
results of laboratory cross-flow filtration tests in the slot and the
data of well injectivity decline.

Permeate Force. The expression for a permeate force
exerting the particle placed in front of the plane surface of
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porous media in the flux perpendicular to the surface is given by
the following relationship23−27

πμ= ΦF r u6p s p H (4)

where the permeate factor is given by an empirical formula25
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Here kc is the cake permeability and up = q/2πrwHf is the
permeate velocity on the well wall (at the reservoir entrance).
The case ΦH = 1 corresponds to Stokes formula for the particle
in the flux without porous media.
Lifting Force. The lifting force exerting on the spherical

particle on the plane surface is26−33

χ ρμ= | −F r u( ( ) )H rl s t
3 1/2

s (6)

where different values of the lifting factor are presented for
different conditions of the laboratory tests: χ = 81.2 is
presented by Bergendahl and Grasso,27 and Kang et al.;28

Busnaina et al.,29 and Burdick et al.30 give value χ = 14;
Altmann and Ripperger23 gave a value of χ = 6.1; and χ = 19.4
follows from Saffman31,32 and Akhatov et al.33

Buoyancy Force. The net gravitational force exerting the
particle in water is

π ρ= ΔF gr
4
3g s

3

(7)

Here Δρ is the density difference between the particle matter
and carrier water.
Electrostatic Forces. The total electrostatic force is

derivative of the overall potential energy

= − ∂
∂

F
V
he (8)

where the total energy is the sum of the London−van-der-
Waals, double electric layer, and Born potentials, given by the
so-called DLVO (Derjagin−Landau−Verwey−Overbeek)
theory (Derjagin and Landau,34 Gregory,35 Elimelech et al.,36

Khilar and Fogler,2 and Israelachvili37)
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Here A132 is the Hamaker constant, h is the surface-to-surface
separation length and Z is its dimensionless value, ε0 is the
electric constant (permittivity of free space), D is the dielectric
constant, ψ01 and ψ02 are the surface potentials of particles and
of the cake’s matter, respectively, and σLJ is atomic collision

diameter in Lennard-Jones potential (see Landau and
Lifshitz38). The inverse Debye length κ is

κ
ν

ε
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e z
Dk T
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where kB is the Boltzman constant, νi is a bulk ith ion
concentration as defined by the number of ions per unit
volume, zi is a valence of the ith ion, and e is the electron charge
e = 1.6 × 10−19 C.
For aqueous solutions under normal temperature, the above

formula simplifies as

∑κ = × C z0.73 10 i i
8

m
2

(14)

where Cmi is the molar ith ion concentration in mol/m3 (see
Elimelech et al.36). The dimension of the constant ahead of the
square root in eq 14 is (m/mol)1/2.
The particles that are negligibly smaller than the well radius

are considered, rw ≫ rs. In this case formula 2 is valid for
particles on the cake surface in the plane-parallel flow in the
laboratory slot and also in the injection well, although the
formulas for calculation of velocity at the particle center ut|H−rs
via the rate are different for the slot and for well; see eq 3.
Force expressions 2−14 are used in the next Section to

determine the conditions of external cake stabilization.

4. MECHANICAL EQUILIBRIUM OF A PARTICLE ON
THE CAKE SURFACE

The forces exerting particles on the cake surface are located in
the plane crossing the well axes and the particle. The balance
for torques of attaching and detaching forces is assumed to be a
condition of mechanical equilibrium for a particle on the cake
surface in the injected water flux6,7,13−15,18 (Figure 1b):

+ − = +F F F l F F l( ) ( )p e l n d g d (15)

Here ld and ln are levers of tangential forces (drag and gravity)
and of normal forces (electrostatic, permeate, and lifting).
The criterion 15 defines the critical conditions where the

detaching torque exceeds the attaching torque and the fine
particle leaves the cake surface. On the contrary, condition 15
states that if the detaching torque does not exceed the attaching
torque, the fine particle remains immobile on the cake surface.
Since the electrostatic force is a nonmonotonic function of
separation distance h, the maximum value of attaching
electrostatic force Fe is used in the critical condition 15, i.e.,
second derivative of the overall potential energy V = V(h) is
zero for the separation distance value h in eqs 9−12 that is used
for calculation of the electrostatic force in eq 15. See refs 14 and
15 for more detailed discussion.
Permeate, lifting, and drag forces are velocity (well rate)

dependent and are independent of water composition, pH, and
temperature; see formulas 2−6. On the contrary, the
electrostatic force is independent of velocity and strongly
depends on the water composition, pH, and temperature; see
formulas 8−14. All forces depend on the particle size.
Let us show that lifting force is negligible if compared with

permeate force under conditions of injection wells. As it follows
from eqs 4−6, the ratio between the lifting and permeate forces
depends on Reynolds number
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as defined for the particle size rs.
Figure 3a shows dependency of the lifting-permeate ratio as a

function of Reynolds number for different size particles as
calculated by eqs 4−6. Since the upper estimate of lifting force
must be used to prove that the lifting force is negligible if
compared with other forces, the maximum value of lifting factor
χ = 81.2 was taken; the permeate factor was calculated by
correlation 5. Both forces along with the Reynolds number are
monotonically increasing functions of the velocity (rate) and
particle size. As it follows from eqs 3, 4, and 6, lifting force is
proportional to q3/2 while the permeate force is proportional to
rate q, so the ratio between lifting and permeate forces is

proportional to q1/2. Lifting force is proportional to rs
3 while the

permeate force is proportional to particle size rs
9/5, so the ratio

between lifting and permeate forces is proportional to rs
6/5. As

it follows from eqs 3 and 16, Reynolds number is proportional
to qrs

2. Therefore, the lifting-permeate force ratio is propor-
tional to Re1/2 at constant particle size. Straight lines in Figure
3a have slope 1/2 in logarithmic coordinates. The larger the
particle, the higher the force ratio.
The range of particle sizes as typical for raw and filtered

injected waters is 0.1−10 μm. The well rate varies from 0.5 to
80 m3 per day per meter of the production thickness. The well
radius is rw = 0.1 m. The typical value kc = 0.1 md is assumed
for cake permeability. It determines the range of Reynolds
number variation presented in Figure 3. The ratio Fl/Fp is
below 10−3 for the overall interval of the Reynolds number

Figure 3. Evaluations of lifting and electrostatic forces if compared with permeate force for water injection conditions: (a) lifting force is negligible if
compared with the permeate force; (b) electrostatic force cannot be neglected for high salinity injected water but is negligible for low salinity water.
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variation, so the lifting force can be neglected if compared with
the permeate force in formula 15.
Now let us show that electrostatic force can highly exceed the

permeate force; i.e., it cannot be neglected in the model of the
particle mechanical equilibrium.
The Reynolds number dependency of the ratio between

electrostatic and permeate forces is shown in Figure 3b. The
electrostatic force is calculated by DLVO formulas 8−14 for the
cases of high salinity (3 wt %) and low salinity water (0.1%).
The electrostatic force is calculated using three particle radii rs
= 0.1−5 μm that is typical for seawater injection;10,17,19 the
Hamaker constant corresponds to quartz−quartz interaction in
aqueous environment A132 = 2.0 × 10−21 J (see Israelachvili37);
zeta-potentials for quartz particles and for the cake are ψ01 = ψ02
= −12 mV correspond to seawater salinity;39 ε0 = 8.854 × 10−12

C2 J−1 m−1 is the permittivity of free space (vacuum); D = 78.0
is the dielectric constant for water (see Khilar and Fogler2 and
Elimelech et al.36); atomic collision diameter in Lennard-Jones
potential is σLJ = 0.5 nm (Khilar and Fogler2); and the inverse
Debye length κ = 2.34 × 109 m−1 is calculated by eq 14 for
seawater with z = 1 for sodium chloride and seawater salinity
Cm = 510 mol/m3. For quartz particles in water with low
salinity (0.1 wt %), zeta-potentials for particle and for rock are
equal ψ01 = ψ02 = −50 mV.40 The inverse Debye length as
calculated by eq 14 becomes κ = 1.35 × 107 m−1 for water with
low salinity 0.1 wt %.
Electrostatic force is velocity independent while permeate

force is proportional to rate q. Therefore, the electrostatic−
permeate force ratio is proportional to Re−1 at constant particle
size. Straight lines in Figure 3b have slope −1 in logarithmic
coordinates. Both electrostatic and lifting forces are monotoni-
cally increasing functions of particle size. The calculations show
that the larger the particle, the larger the ratio.
Electrostatic force has the same or higher order of magnitude

than permeate force for injection of water with 3% salinity
(seawater injection), i.e., in the case of strong particle−cake
attraction. The electrostatic force can be neglected if compared
with permeate forces only for the cases of low salinity water,
high injection rates, and large particles.

The above calculations for the permeate force have been
performed for the permeate factor as calculated versus the
dimensionless cake permeability, see eq 5. The permeate factor
value is shown in Figure 4 for different particle sizes and cake
permeabilities. The larger the particles and the lower the cake
permeability, the higher the permeate factor and permeate
force. Three points on the curve correspond to extreme and
medium values of particle sizes and cake permeabilities for
conditions of the injection wells. The values of the permeate
factor highly exceed one. The minimum value is reached for
small particles rs = 0.1 μm and large cake permeability kc =
10−14 m2 and is equal to 0.36. So, the value of permeate factor
can highly exceed unity that yields the significant change in the
permeate force. Therefore, the permeate factor variation cannot
be neglected.
Substituting the expressions for forces 2, 4, 7, and 8−12 into

15 and neglecting the lifting force yields
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The torque balance condition 17 shows that the lever arm
ratio l is the only phenomenological parameter in the
mechanical equilibrium model provided that the shape factors
for drag and lifting forces are known. The next Section is
devoted to determination of the lever arm ratio.

5. CALCULATION OF THE LEVER ARM RATIO
In this Section, the methods to obtain the lever arm ratio from
the stabilized well impedance and laboratory cross-flow tests
and by Hertz theory of particle deformation are developed.
Altogether the lever arm ratios are determined from three well
histories and from seven laboratory tests. Those ratios as
obtained from three different nature tests have the same order
of magnitude.

5.1. Determination of the Lever Arm Ratio from Well
Data. Let us determine the lever arm ratio from the stabilized

Figure 4. Evaluation of the permeate factor for different cake permeabilities and particle sizes.
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impedance values of injection wells. First, the field data
presented in Figure 2 are tuned by the mathematical model of
deep bed filtration and external filter cake formation presented
in the Appendix. The data from three field cases of well
injectivity decline are taken from works by Rickford and
Finney,19 Sharma et al.,10 and Paiva et al.,17 where well rates,
wellbore, and reservoir pressures are given. The parameters are
presented in Table 1. The impedance curves versus
dimensionless time are presented in Figure 2. Here the values
of relative permeability krwor = 0.2 and water viscosity μ = 10−3

Pa·s are used. The model contains five parameters: filtration λ
and formation damage β coefficients, critical porosity fraction α,
cake permeability kc, and the lever ratio l. The average value α =
0.09 was taken from works 16 and 17. The filtration coefficient
λ was calculated from eq A-3, where the transition time was
determined from curves in Figure 2 as a point of cross section
of two linear intervals of impedance growth. The formation
damage coefficient β was determined from the slope of the
impedance straight line during deep bed filtration using eq A-2.
Cake permeability kc was determined from the impedance
straight line during cake formation using formula A-5. The
results are presented in Table 2. The obtained values of

filtration and formation damage coefficients and cake
permeability vary in the common intervals.1,6−8,16 It allows
confirming that the injectivity decline in the three above cases is
explained by deep bed filtration of injected solid particles and
by formation of the external filter cake.
The stabilized (critical) cake thickness is determined from

the stabilized impedance by eqs 17 and A-6.
Substitution of the velocity up as calculated from the rate

expression and the tangent velocity ut as obtained from
Poiseuille profile into torque balance 17 results in

πμ
π

ωπμ
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The following data have been collected from the original
papers in order to estimate the lever arm ratio from eq 18.
Some data are presented in Table 1. The permeate force is
calculated using viscosity of low concentration injected
suspension that is equal to water viscosity μ = 10−3 Pa·s; well
rates per unity of the production thickness q/Hf for three wells
have been taken from the original papers and are presented in
Table 1; well radii rw are 0.1, 0.14, and 0.1 m,
respectively;10,17,19 the critical cake thickness hcr is calculated
from stabilized impedance value by formula A-6. The permeate
factor ΦH = 18.7, 65.7, and 55.8 is calculated from eq 5 using
the cake permeability kc for three wells A, B, and C as presented
in Table 2, respectively. The papers 10, 17, and 19 report
seawater injection, so typical 3 wt % of salinity was assumed.
The electrostatic force is calculated using particle radius rs = 3
μm that is typical for seawater injection;10,17,19 Hamaker
constant corresponds to quartz−quartz interaction in aqueous

Table 1. Field Data on Well Index Stabilization during Colloidal-Suspension Injection into Oil Reservoirs

well
no.

particle radius
rs(μm)

q/Hf
(10−5 m2 s−1)

A132
(10−21 J)

injection concentration
c0(ppm)

reservoir permeability
k (10−15m2)

formation
porosity ϕ

cake
porosity ϕc

drainage radius
re(m)

A 3 5.2 2 5 1000 0.28 0.2 500
B 3 4.5 2 3 1036 0.33 0.2 535
C 3 9 2 16 30 0.30 0.2 500

Table 2. Tuning the Analytical Model of Injectivity
Impairment from Field Data

well
no.

filtration
coefficient λ

(m−1)
formation damage

coefficient β
cake permeability
kc (10

−15 m2)
lever arm
ratio l

A 4.6 207 0.46 394
B 70 174 0.02 666
C 12.4 20 0.03 478

Figure 5. Interval for lever ratio calculated from lab test and field data: seven ball points correspond to laboratory tests, triangular points lA, lB, and lC
are obtained from stabilized well impedance data and points lHA, lHB, and lHC are calculated from Hertz theory.
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environment (see Israelachvili37); ψ01 = −12 mV and ψ02 = −12
mV correspond to seawater salinity;39 ε0 = 8.854 × 10−12 C2 J−1

m−1 is the permittivity of free space (vacuum); D = 78.0 is the
dielectric constant for water (see Khilar and Fogler2 and
Elimelech et al.36); atomic collision diameter in Lennard-Jones
potential is σLJ = 0.5 nm (Khilar and Fogler2); the inverse
Debye length κ = 2.34 × 109 m−1 is calculated by eq 14 for
seawater with z = 1 for sodium chloride and seawater salinity
Cm = 510 mol/m3. The drag factor ω = 10.2 to calculate drag
force was taken from ref 22. Since the rate linearly decreases
from the well rate at the reservoir top to zero at the reservoir
bottom, the average value of q/2 is used in formula 3. The
particle density used, ρ = 2600 kg/m3, corresponds to quartz
particles.
The lever arm ratio results are presented in Figure 5 by

triangle points lA, lB, and lC that correspond to wells from
Figure 2 a,b,c, respectively. The corresponding lever arm ratios
are lA= 395, lB = 666, and lC = 478.
The values of all exerting forces as calculated for the field

cases are presented in Table 3. The permeate force highly
exceeds the drag force; electrostatic force exceeds them both.
Lifting force is negligible. Gravity has the same order of
magnitude as drag force for large particles typical for water
injection.
5.2. Determination of the Lever Arm Ratio from

Laboratory Tests. Let us determine the lever arm ratios from
seven experiments presented in works 26 and 40−44. The
laboratory cross-flow filtration tests are performed in a
rectangular slot with cross-flow into porous sample. The
schema of laboratory setup is presented in Figure 6. Water
flows via the slot. The inlet and outlet rates have been
monitored during tests along the pressure drop across the

porous samples. Assuming incompressibility of the colloidal
suspension, the permeate flux was calculated from the
difference between the inlet and the outlet fluxes. Tangential
velocity was calculated from the inlet rate while the permeate
velocity was determined from permeate rate. The above allow
calculating the stabilized impedance value. The parameters of
the seven investigated tests are presented in Table 4:
experiments 1 and 2 correspond to works by Faibish et al.41

and Hong et al.;42 experiment 3 was reported by Song and
Singh,43 tests 4 and 5 are presented by Tarabara et al.;44 test 6
is carried out by Hwang et al.;26 and experiment 7 was
performed by Elzo et al.40

Like in the above-mentioned case of three wells, the values of
parameters are taken from the original papers; see Table 4.
Silica, latex, and polystyrene particles have been used. Hamaker
constant values were taken from refs 2, 36, and 37 for given
particle and porous media materials.
The flux fraction is directed into the porous medium. The

injected particle deposits on the cake surface in the case of
attaching torque exceeding the detaching torque. Since the
gravity in the vertical slot is vertical and drag force is horizontal,
the balance for torques of attaching and detaching forces
slightly differs from that given by eq 15:

+ − = +F F F l F F l( ) ( )p e l n d
2

g
2

d (19)

Substitution of formulas for forces 2, 4, 7, and 8−12 into
torque balance 19 results in
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Table 3. Forces Calculated from Field Data on Well Index Stabilization during Colloidal-Suspension Injection into Oil
Reservoirs

well no. permeate force (Fp, N) drag force (Fd, N) lifting force (Fl, N) electrostatic forces (Fe, N) gravity force (Fg, N) normal force (Fn, N)

A 1.11 × 10−10 1.55 × 10−12 4.99 × 10−14 1.20 × 10−9 1.78 × 10−12 1.31 × 10−9

B 2.89 × 10−10 4.53 × 10−13 7.90 × 10−15 1.20 × 10−9 1.78 × 10−12 1.49 × 10−9

C 2.56 × 10−10 1.26 × 10−12 3.65 × 10−14 1.20 × 10−9 1.78 × 10−12 1.46 × 10−9

Figure 6. Schematic of experimental cross-flow filtration.

Table 4. Laboratory Data on Filter Cake Stabilization during Cross-Flow Filtration

experiment no. particle type particle diameter (nm) tangential velocity (m s−1) permeate velocity (10−5 m s−1) A132 (10
−21 J) zeta potential (mV)

1 silica 47 0.246 0.80 2 −31
2 silica 110 0.264 1.08 2 −29
3 silica 80 1.64 1.50 2 −32
4 polystyrene 110 0.116 2.30 3.1 −42
5 polystyrene 760 0.116 2.67 3.4 −42
6 latex 55 0.24 10 4.65 −49
7 silica 480 1 1.25 2 −22
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Here, following O’Neill,22 ω = 6 × 1.7.
Calculation of tangential velocity in the center of the particle

from Couette velocity profile yields the transcendental equation
for the stabilized cake thickness

πμ
ωπμ
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This thickness is measured during the laboratory tests. Like in
the discussed above case of flow in the vertical tube, in the case
of plane-parallel flow in laboratory slot, eq 21 determines the
empirical parameter l.
Figure 5 shows the lever arm ratios as obtained from seven

laboratory studies. The tests followed the schematic in Figure 6.
The laboratory-based values of the lever arm ratio vary in the

interval 84−305.
Table 5 shows the values for all forces as calculated for seven

laboratory tests. Drag and permeate forces have the same order
of magnitude. Lifting and gravitational forces are negligible.
The electrostatic forces are 2 orders of magnitude higher than
both drag and permeate forces; it explains high obtained values
of the lever arm ratio.
5.3. Determination of the Lever Arm Ratio from the

Contact Particle Deformation. Following works 1, 6, 7, and
14, let us determine the lever arm ratio from the deformation of
the elastic particle on the cake surface by the total normal force.
The total of permeate, electrostatic, and lifting forces deforms a
particle and creates a tangent area on the particle−cake contact.
Since cake permeabilities are extremely low (see the interval
0.02−0.5 md for cake permeability in Table 2), it is possible to
assume that the cake is highly consolidated and its surface is a
flat solid surface where the particle deformation schematic
applies. It is assumed that the particle rotates around the
boundary of the deformed area at the moment of the particle
lifting, so the lever arm for normal force is equal to radius of the
contact area. Figure 7a presents the compressible particle
deformed by the attaching normal force and shows how the
infinitesimal particle rotates at the moment of its mobilization.
The Hertz’s theory presents with the explicit formula for radius
of the contact area which is equal to the normal lever ln. It was
originally derived by Derjagin et al.45 for the case of particle
deformed by electrostatic force and was used for the colloidal
particles attached to solid surface:1,6,7,13,27
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Here, K is the composite Young modulus that depends on the
Poisson’s ratio σ and Young’s elasticity modulus E of the
particle and of the cake

σ σ
=

−
+

−
−⎛

⎝⎜
⎞
⎠⎟K

E E
4
3

(1 ) (1 )s
2

s

c
2

c

1

(23)

where subscripts s and c refer to particle and cake, respectively.

Table 5. Forces Calculated from Laboratory Data on Filter Cake Stabilization during Cross-Flow Filtration

experiment no. permeate force (Fp, N) drag force (Fd, N) lifting force (Fl, N) electrostatic forces (Fe, N) gravity force (Fg, N) normal force (Fn, N)

1 1.03 × 10−14 2.97 × 10−14 7.24 × 10−17 3.89 × 10−12 6.86 × 10−19 3.90 × 10−12

2 6.40 × 10−14 1.63 × 10−13 9.27 × 10−16 2.17 × 10−11 8.80 × 10−18 2.18 × 10−11

3 7.53 × 10−14 9.60 × 10−15 2.44 × 10−17 2.86 × 10−12 3.38 × 10−18 2.94 × 10−12

4 1.04 × 10−13 2.65 × 10−15 3.53 × 10−18 4.80 × 10−13 3.43 × 10−19 5.84 × 10−13

5 2.94 × 10−12 1.26 × 10−13 1.16 × 10−15 3.20 × 10−11 1.13 × 10−16 3.49 × 10−11

6 6.21 × 10−14 3.63 × 10−14 9.76 × 10−17 2.98 × 10−12 4.30 × 10−20 3.04 × 10−12

7 8.13 × 10−13 2.15 × 10−12 8.20 × 10−14 4.70 × 10−10 6.85 × 10−16 4.71 × 10−10

Figure 7. Schematic for torque balance exerting the particle at the
moment before mobilization: (a) lever arm is equal to the size of
deformed particle−cake contact area; (b) lever arm is equal to the
distance to the supporting asperity.
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For rigid sandstone particles like quartz or silica, the contact
area size is significantly smaller than the particle radius, ln ≪ rs
(see Schechter1). Consider the right-angled triangle formed by
two levers and the radius of the upper particle in Figure 7. Since
one leg highly exceeds another leg, the large leg is almost equal
to the hypotenuse. Therefore, the drag force lever arm can be
assumed to be equal to the particle radius. It allows calculating
the lever arm ratio using eqs 22 and 23:
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The dimensionless lever arm ratios have been calculated for
the above-described three field cases. We assume that Young’s
modulus and Poisson’s ratio are equal for particle and cake.
Formula 24 becomes simplified for the case where the cake and
particle have the same properties
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The typical values of Young’s modulus and Poisson’s ratio for
silica particles used in the calculations are E = 40 GPa, σ =
0.15.1

The results of calculations of lever arm ratio lH for three wells
are lAH = 415, lBH = 594, and lCH = 521 for wells A, B, and C,
respectively.
The obtained values for lever arm ratio are shown by three

points in Figure 5. Here the abscissa of each point corresponds
to the lever arm ratio obtained from Hertz theory and the
ordinates are equal to l-values calculated from well data using
eq 18. The points are located close to the bisectrix of the first
coordinate angle, which shows good agreement between the
well-data-based values of the lever arm ratio and that obtained
from Hertz theory.
The lever arm ratios have been also obtained for the

conditions of the seven above laboratory tests from Hertz
theory 24 and put in a plane in Figure 5 along with the lever
arm ratios obtained from the torque balance condition 21. The
seven points are also located close to the bisectrix, suggesting
good agreement between the laboratory-data-based values of
the lever arm ratio and that obtained from Hertz theory.
The lever arm ratios calculated from well data have the same

order of magnitude as those obtained from the laboratory tests.

Figure 8. Sensitivity study and the typical variation interval for the lever arm ratio under the injection well conditions.
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Finally, the elastic particle deformation on the solid plane
surface of the cake explains high values of lever ratios as
obtained from both injection well and laboratory tests data.
Now let us discuss the variation range for the lever arm ratio.

The ratio values lH have been calculated using the model 25 for
parameters typical for injection wells in sandstone offshore and
onshore oilfields, like discussed in the above field cases A, B,
and C (see Table 1 for the constants used). Figure 8a shows the
ratio dependency of the dimensionless particle size, where rs
varies from 0.1 to 10 μm. High, moderate, and low salinity cases
are discussed (3.0, 1.0, and 0.01 wt %) for injection rate varying
from 5 to 25 m3 per day per meter of the production thickness.
The main affecting parameter is salinity. The electrostatic force
is 20 times stronger for high salinity water than in the case of
moderate salinity. The higher the salinity, the higher the
attracting electrostatic force and the larger the lever for the
normal force; i.e., the lever arm ratio is lower. The lever arm
ratio as obtained for 3% water is twice lower than for moderate
salinity water. The lever arm ratio sensitivity to rate variation is
lowfivefold rate variation yields relative lever arm variation
0.15−0.5.
Figure 8b shows the dependency of the lever arm ratio of the

Hamaker constant for different particle radii and Young’s
modulus. The constants in eq 25 correspond to well B.
Hamaker constant is the most influential parameter: in the
typical range of its variation for silica and quartz 1−3 × 10−21 J,
the lever arm ratio changes 2−3 times. Variation of lH for
typical variation intervals of particle radius and Young’s
modulus is significantly lowerthe ratio between the lH
variation and its mean value has order of magnitude 0.1. The
same order of magnitude for the ratio between the lH variation
and its mean value is obtained from Figure 8a too.
5.4. Role of Roughness and of the Granular Cake

Structure. Figure 7a,b shows the particle compressed by
normal force (upper particle) and that rotating around the rock
surface asperity during its lifting (lower particle). It is assumed
that the particle rotates around the touching point with the
surface at the last moment before its mobilization. The lever for
the normal force in the upper case is determined from elastic
deformation of the particle and surface.
The lever for the normal force in the lower case in Figue 7b

is determined by the asperity height. The horizontal distance
between the tangent point and the asperity ln is random and
can vary from zero to the particle radius, so the lever arm ratio
can randomly vary from infinity to one. The typical asperity size
can have the order of magnitude of the particle size. In this case,
the lever arm ratio would have order of magnitude of unity.
The laboratory- and field-data-based values of the lever arm
ratio vary in a relatively narrow interval, i.e., between 84 and
666 (Figure 5); i.e., the lever as obtained by Hetrz theory
calculations is significantly smaller than the particle size.
Therefore, the asperity of the rough cake surface cannot
explain systematically high values of the lever arm ratios.

6. DISCUSSION
Decline of the injection well index in aquifers and oilfields is
determined by colloidal-suspension effects of deep bed filtration
in porous media, formation of the external filter cake on the
well wall, and cake stabilization upon reaching the mechanical
equilibrium of a particle on the external cake surface. Field data
exhibit a typical form of the well impedance curve consisting of
the linear growth from unity during deep bed filtration and
linear growth during formation of the external filter cake

followed by a constant value for the stabilized impedance. The
first two dynamic stages of well impairment are described by
the mathematical models that exhibit a good fit to the
presented field cases for the typical values for the matched
parameters.
The mechanical equilibrium of a particle on the external cake

surface in an injection well is described by the equality of
torque balance for attaching and detaching forces. Permeate
and electrostatic forces attach particles to the cake while lifting
and drag and gravitational forces detach them. The torque
balance condition contains an empirical constantlever arm
ratio l, which is a phenomenological parameter of the
mechanical equilibrium model. Treatment of seven laboratory
tests on cross-flow filtration provides the lever ratios varying
from 84 to 305, while three well treatments exhibit the interval
394−666. So, the intervals of the lever ratio variation from the
well data and laboratory tests have the same order of magnitude
(Figure 5). The difference between the intervals can be
explained by different materials and shapes of the particles that
have not been reported in the corresponding papers and may
affect the values of the obtained l-values. Nevertheless, close
values for two intervals validate the torque balance model for
the cake stabilization phenomenon.
Several other works presented the lever ratio of the order of

magnitude that significantly deviates from the above-mentioned
intervals: Paiva et al.17 calculated l = 0.05 by comparison with
experimental data;18,23,42 the parameters used by Al-Abduwani
et al.,21 Zinati et al.,20 and Yuan et al.49 correspond to l = 5.0, l
= 5.0, and 2.0, respectively. The reason for this deviation is
ignoring the electrostatic force and assuming the unit value for
the permeate force correction factor ΦH. The data treatment of
the laboratory tests and the field data accounting for
electrostatic force and for jamming ratio dependency of the
permeate force correction factor ΦH yields the lever ratio
variation interval 84−666.
Jiao and Sharma18 assumed that the mono-sized particles

form packed hexagonal structure in the cake (Figure 1b). So the
lever arm ratio is calculated from equilateral triangle and equals
31/2; this value highly differs from the values obtained from the
laboratory and well data. This significant difference is explained
by the fact that the lever arm ratio is determined by particle and
cake deformation rather than by the packed-sphere structure of
the cake.
The lever arm ratios for conditions of seven laboratory cross-

flow filtration experiments and three well injections have been
calculated from the Hertz’s theory of elastic sphere deformation
on the solid surface by the normal attaching force exerting the
sphere (eq 25). The lever arm ratios obtained from the elastic
deformation model coincide with those obtained from the
mechanical equilibrium conditions with reasonable accuracy
(see values of R2 in Figure 5). The agreement validates the
hypothesis that the lever arm ratio is determined by the elastic
particle deformation on the solid cake surface. The lever arm
ratio depends on the particle size and on Young’s moduli and
Poisson’s ratios for particle and cake.
The asperities of the cake surface are random while the

agreement between Hertz-based calculations and lab and well
data is regular. It allows concluding that the lever arm ratio is
determined by elastic deformation of particles rather than by
the rock surface asperities.
Finally, the above allows concluding the validity of the torque

balance model for description of the external filter cake
stabilization, where the lever arm ratio is determined by the
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elastic particle deformation. This conclusion supports the
prediction of the stabilized injectivity value using the model 24.
The validity of this conclusion can be increased by the
laboratory tests that repeat the well conditions, i.e., using the
same particles as during the water injection cases. The
complexity of collecting the borehole samples of the injecting
water makes performing the tests very difficult.
Uncertainty in determining the physics constants in the

model 24 decreases the accuracy of the stabilized injectivity
prediction. It also introduces the uncertainty of interpretation
of laboratory and field data (Figure 5). The Hamaker constant,
zeta-potential, and particle size are often unavailable not only
for injection wells but also for laboratory condi-
tions.10,17,19,26,40−44 The detailed sensitivity analysis of the
lever arm ratio with respect to the constants would increase the
validity of the contact deformation model 24 and increase the
accuracy of the predictive model. It would also define the
measurements that are necessary to perform during the
laboratory and field studies.
Some sensitivity results are presented in Figure 8. The

Hamaker constant is the most influential parameter in
predicting the lever arm ratio. The sensitivities of particle size
and Young’s modulus are significantly lower.
The proposed lever arm model 17 uses Hertz’s formulas 22

and 23 which were derived for a flat cake surface. Low values
for obtained cake permeabilities, presented in Table 2, suggest a
highly compacted arrangement of deformable particles in the
cake. Yet, the schematic of the particle placement on the rock
surface (Figure 1b) contradicts the flat surface assumption.
Introduction of a shape factor into the contact deformation eqs
22 and 23 may improve the quality of matching between the
stabilized impedance values and the mechanical equilibrium
model 17 (Figure 5). It may also decrease the interval for
possible values of the phenomenological lever arm ratio l.
The proposed model assumes the injection of mono-size

suspension, resulting in the same stabilization velocity for all
particles. However, the injected particles are size-distributed.
Therefore, some small particles keep attaching to the cake
surface while some large particles are already in equilibrium and
do not contribute to cake formation anymore. Selective particle
attachment with time should be described by a more complex
mathematical model.
The dynamic detachment of large particles during increasing

of the injection rate also cannot be described by the proposed
model.
The proposed formulas for lever arm ratio along with

formulas for deep bed filtration and external cake formation
form an analytical predictive model for well index during water
injection or well drilling. The mechanical equilibrium model 17
would contain a geometric factor for the cases of fractured,
horizontal, slant, or combined horizontal injection wells with
fractures. With application of the model 17 to stabilization of
the mud cake during drilling, non-Newtonian properties of
drilling fluid must be accounted for in expressions 2, 4, and 6
for drag, permeate, and lifting forces, respectively.
However, some important generalizations of the model

should be mentioned. During the drilling or water injection in
fractured-porous reservoirs, the injected flux enters both
fractures and matrix, so the deep bed filtration model in
fractured-porous media should be used for well performance
prediction.50,51 High rate water injection could cause the
appearance of oil−water emulsion near the wellbore, causing
additional injectivity damage; the corresponding mathematical

model for deep bed filtration must include three-phase
equations of mass transfer (see refs 3, 52, and 53). More
detailed modeling of deep bed filtration accounting for DLVO
forces on the microscale can be performed by direct numerical
simulation.54 More complex mass transfer processes rather than
a simple particle accumulation occur on the cake surface: cross-
flow filtration through the cake, shear-induced diffusion,
selective particle deposition according to particle size, charge,
etc.47,48,55

7. CONCLUSIONS

Derivation of the cake mechanical equilibrium equation
accounting for electrostatic force and for varying permeate
force correction factor and comparing the modeling results with
experimental and field data allow drawing the following
conclusions:
Electrostatic force attaching the particle to the external cake

surface can highly exceed other forces and significantly change
the value of the stabilized cake thickness.
The permeate force correction factor varies up to 3 orders of

magnitude under well conditions and highly affects the
predicted value of the stabilized cake.
The lifting force is negligible if compared with permeate and

drag forces for the well injectivity conditions.
The main empirical parameter affecting the stabilized cake

prediction is the lever arm ratio.
Close variation intervals for the lever arm ratio, as obtained

from the stabilized well impedance and from the laboratory
cross-flow experiments, validate the torque balance equilibrium
model.
Good agreement between the predicted values of the lever

arm ratio by the Hertz theory and from laboratory and field
data suggests that the cake mechanical equilibrium is
determined by particle deformation rather than by the well
surface asperity.

■ APPENDIX A. IMPEDANCE GROWTH DURING
DEEP BED FILTRATION AND EXTERNAL FILTER
CAKE FORMATION

Following papers by Pang and Sharma,8 Barkman and
Davidson,9 Bedrikovetsky et al.,11 and Ochi et al.,12 let us
present the analytical model for injectivity impairment. The
above modeling works assume low retained particle concen-
tration leading to constant filtration and formation damage
coefficients. Under these assumptions, well impedance grows
linearly during deep bed filtration of the injected particles in the
reservoir:

∫
π ϕ
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where tD is dimensionless time, re is a typical distance between
wells (drainage radius), ϕ is formation porosity, and Hf is a
reservoir thickness.
The slope m in linear dependency of the impedance versus

dimensionless time is determined by the values of filtration
coefficient λ and formation damage coefficient β
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Here rw is well radius and c0 is the concentration of particles in
the injected water.
The empirical filtration and formation damage coefficients λ

and β can be estimated from either corefloods or microscale
empirical filtration theory.6,7,46

By definition of the transition time tDtr, the deposited
concentration at the transition time is equal to the αth fraction
of porosity, resulting in the following expression for transition
time:
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The value α = 0.5 was used in work 8; laboratory tests suggest
α = 0.09.11,16

The thickness of the incompressible cake is proportional to
the amount of injected particles after the transition
time8−12,47,48
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which also corresponds to the linear impedance growth
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where k is the reservoir permeability, krwor is relative
permeability for water at the presence of residual oil, kc is the
permeability of external filter cake, and ϕc is the cake porosity.
The impedance during the cake growth can be expressed via

the cake thickness by substitution of eq A-4 into A-5:
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Typical type curves for impedance/skin growth during injection
of water with solid and liquid particles into oilfields are shown
in Figure 2.
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■ NOMENCLATURE
A132 = Hamaker constant, ML2T−2, J
Cm = Molar concentration of ith ion, mol m−3

c0 = Injected suspended particle concentration
D = Dielectric constant
E = Young’s modulus, ML−1T−2, N m−2

Fd = Drag force, MLT−2, N
Fe = Electrostatic force, MLT−2, N
Fg = Gravitational force, MLT−2, N
Fl = Lifting force, MLT−2, N

Fp = Permeate force, MLT−2, N
H = Half-width of the channel, L, m
Hf = Reservoir thickness, L, m
h = Separation distance, L, m
hc = External cake thickness, L, m
hcr = Stabilized external cake thickness, L, m
II = Injectivity index, L4T2M−1, m4 s2 kg−1

J = Impedance
K = Composite Young modulus, ML−1T−2, N m−2

k = Absolute permeability, L2, m2

kB = Boltzmann constant, M L2 T−2 K−1

kc = External cake permeability, L2, m2

krwor = Water relative permeability at residual oil saturation
l = Lever arm ratio
ld = Lever arm for tangential forces, L, m
lH = Lever arm ratio form Hertz deformation theory
ln = Lever arm for normal forces, L, m
m = Slope of impedance growth during deep bed filtration
mc = Slope of impedance growth during cake formation
p = Pressure, ML−1T−2, N m−2

q = Total injection rate, L3T−1, m3 s−1

re = Reservoir radius, L, m
Ret = Reynolds number
rs = Particle radius, L, m
rw = Well radius, L, m
T = Absolute temperature, K
t = Time, T, s
tD = Dimensionless time (PVI)
tDtr = Dimensionless transition time (PVI)
up = Permeate velocity, LT−1, m s−1

ut = Tangential velocity, LT−1, m s−1

u ̅ = Average tangential velocity, LT−1, m s−1

V = Energy of interaction, ML2T−2

Xw = Dimensionless radius
z = Valence of the ith ion
Z = Ratio between the cake surface−particle separation
distance and particle radius

Greek letters
α = Critical porosity fraction
β = Formation damage coefficient
ε0 = Free space permittivity, C2J−1L−1

κ = Inverse Debye length, L−1, m−1

λ = Filtration coefficient, L−1, m−1

μ = Dynamic viscosity, ML−1T−1, kg m−1 s−1

ν = Number concentration of the ith ion far away from the
surface, L−3

σ = Poisson’s ratio
ρ = Density of carrier fluid, ML−3, kg m−3

Δp = Pressure drawdown, ML−1T−2, N m−2

Δρ = Density difference between particle and carrier fluid,
ML−3, kg m−3

σLJ = Atomic collision diameter, L, m
ϕ = Formation porosity
ϕc = Cake porosity
ΦH = Permeate force factor
χ = Lifting force coefficient
ψ = Surface potential, ML2T−2, mV
ω = Drag force coefficient

Abbreviations
PVI = Pore volume injected

Subscripts
BR = Born repulsion (for energy potential)
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c = Cake
d = Drag
DLR = Double layer repulsion (for energy potential)
e = Electric
g = Gravity
l = Lifting
i = Index for ion
LVA = London−van der Waals (for energy potential)
n = Normal
p = Permeate
res = Reservoir
s = Solid particle
w = Well
0 = Initial condition or initial value (for flow rate and
pressure drop)
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