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Summary

Severe injectivity decline during seawater injection and produced-
water reinjection is a serious problem in offshore waterflood proj-
ects. The permeability impairment occurs because of the capture
of particles from injected water by the rock, both internally in the
pores and externally in a filter cake. The reliable modeling-based
prediction of injectivity decline is important for injected-water-
treatment design and management (injection of seawater or pro-
duced water, water filtering, etc.).

The classical deep-bed filtration model includes a single over-
all description of particle capture. During laboratory or field data
interpretation using this model, it is usually assumed that several
simultaneously occurring capture mechanisms are represented in
the model by a single overall mechanism. The filtration coefficient,
obtained by fitting the model to the laboratory or field data, rep-
resents the total kinetics of the particle capture. The purpose of
this study is to justify this approach of using an aggregated single
filtration coefficient.

A multiple-retention deep-bed filtration model needs to describe
several simultaneous capture mechanisms. The kinetics of the dif-
ferent capture mechanisms can differ from one another by several
orders of magnitude. This greatly affects the particle propagation
in natural reservoirs and the resulting formation damage. In this
study, a model for deep-bed filtration taking into account multiple
particle-retention mechanisms is discussed. It is proven that the
multicapture model can be reduced to a single-capture-mechanism
deep-bed filtration model. The method for determination of the
capture kinetics for all individual capture processes from the break-
through curve is discussed. As an example, the complete charac-
terization of filtration with monolayer and multilayer deposition
of iron oxide colloids is performed using particle-breakthrough
curves from coreflooding.

Introduction

Deep-bed filtration of particle suspensions in porous media occurs
during seawater/produced-water injection in oil reservoirs, drilling-
fluid invasion into reservoir productive zones, sand filtration in
gravel packs, fines migration in oil fields, industrial filtering, etc.
(Barkman and Davidson 1972; Schechter 1992). The basic features
of the process are particle capture by the porous medium and the
consequent permeability reduction (Nabzar et al. 1997; Roque
et al. 1995). Deep-bed filtration also occurs in several environmen-
tal processes, such as produced-water disposal in aquifers; virus,
bacteria, and other contaminant propagation in ground water reser-
voirs; etc. (Khilar and Fogler 1998; Elimelech et al. 1995). Design
and planning of the mentioned technological and environmental
processes should be based on reliable mathematical modeling.
Of course, deep-bed filtration is not the only mechanism that
is important during such processes. Filter-cake formation on the
surface of the injection well also plays a very important role. For
low pore throat to particle size ratios, the formation of the filter
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cake may be the dominant cause of loss of injectivity. Nevertheless,
understanding of deep-bed filtration mechanisms is in many cases
essential for understanding loss of injectivity in a reservoir.

The traditional mathematical model for deep-bed filtration tak-
ing into account advective particle transport and the kinetics of par-
ticle retention have been based on the filtration equation proposed
by Iwasaki (1937; Herzig et al. 1970). The model accounts for a
single capture mechanism. A number of predictive models have
been presented in the literature (Pand and Sharma 1994; Wennberg
and Sharma 1997; Bedrikovetsky et al. 2002; Al-Abduwani et al.
2004). The equations allow for various analytical solutions, which
have been used for the treatment of laboratory data (Eylander
1988; van Oort et al. 1993; Bedrikovetsky et al. 2001, 2003;
Al-Abduwani et al. 2005). Herzig et al. (1970) present a detailed
description of such early work in a review paper.

The model has been successfully applied in several injectivity-
prediction studies (Sharma et al. 2000; Bedrikovetsky et al. 2005).
Nevertheless, particles are captured in the reservoir because of
different physical forces and mechanisms: size exclusion, surface
sorption, electrical forces, sedimentation, diffusion, etc. (Nabzar
et al. 1997; Roque et al. 1995; Elimelech et al. 1995). Therefore,
questions arise: What are the dominant capture processes? How
does one account for several capture mechanisms (Chauveteau
et al. 1998; Veerapen et al. 2001)? The filtration coefficient in the
traditional single capture model is a summation of the filtration
effects for all capture mechanisms; it is an effective phenomeno-
logical parameter in a multicapture environment. The purpose of
this study is to justify the approach of using an aggregated single
filtration coefficient.

The role of multiple simultaneous particle-capture processes
has long been recognized. Network models account for several
mechanisms of particle capture (Payatakes et al. 1973, 1974;
Imdakm and Sahimi 1991; Sahimi and Imdakm 1991). Numerous
capture processes, including internal filter-cake development, have
been implemented in the microscale computer model (Nabzar et al.
1997; Roque et al. 1995; Chauveteau et al. 1998; Veerapen et al.
2001). The model allows calculation of the retention rate for all
the implemented mechanisms.

Pore-scale models distinguish between size exclusion on pore
throats and capture inside the pore (Sahimi and Imdakm 1991;
Rege and Fogler 1987, 1988; Siqueira et al. 2003). The phenom-
enological capture probability is a parameter that aggregates elec-
trical attraction, sorption, and segregation in a pore body.

In this study, we show that a multiple capture model can be
reduced to that with a single capture filtration coefficient. This
overall filtration coefficient can be expressed in terms of the fil-
tration coefficients for all capture mechanisms. It allows for the
determination of all individual filtration coefficients from experi-
mental breakthrough curves as obtained from laboratory coreflood-
ing. These relatively simple laboratory tests can be performed on
cores taken from the formation into which injection is taking place,
using representative samples of injection water. This gives a direct
prediction of injectivity behavior in the field.

The structure of the paper is as follows. First, we introduce
the classical single-capture model for deep-bed filtration along
with the analytical solution with a constant filtration coefficient.
Then follow equations for multicapture suspension transport and
their reduction to a single capture model. Several examples of
aggregation of multiple particle capture to a single capture pro-
cess are presented. Then, the analytical model for a single capture
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filtration is presented along with the solution of inverse problem
for filtration function determination from the breakthrough curve.
Finally, an optimization algorithm for determination of individual
filtration coefficients from the breakthrough curve is discussed
and applied for treatment of laboratory data on transport of iron
oxide colloids in packed quartz sand media with monolayer and
multilayer deposition.

Deep-Bed Filtration With a Single
Particle-Capture Mechanism

Let us consider the classical deep-bed filtration model (Iwasaki
1937; Herzig et al. 1970). Strictly speaking, it accounts for a single
capture mechanism. Nevertheless, it is used for injectivity predic-
tion in real field cases (Sharma et al. 2000; Bedrikovetsky et al.
2005), assuming that the single capture rate is an aggregate for all
capture mechanisms (Fig. 1). In a routine laboratory coreflood,
designed for complete characterization of single-capture deep-bed
filtration, outlet suspended concentration and pressure drop over
the core are measured during the test. These parameters are com-
mon for all capture mechanisms, so the single capture modeling
approach is self-consistent if the coreflood is performed strictly
under the natural reservoir conditions.

The deep-bed filtration model consists of equations for particle
mass balance, kinetics of the particle capture, and the modified
Darcy’s law that accounts for permeability reduction caused by
particle capture (Iwasaki 1937; Herzig et al. 1970):
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where dimensionless length, time, and concentrations are given by
the following formulas:
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In Egs. 1 and 2, C is the dimensionless suspended particle
concentration (Fig. 3), S is the dimensionless deposited particle
concentration (number of captured particles per unit of the rock
volume), ¢ is the porosity, L is the core length. The dimensionless
filtration coefficient A(S) expresses the particle capture intensity.
The formation damage function A(S) shows how permeability
decreases because of particle retention.
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Fig. 1—Schematic of multiple capture mechanisms in natural
rock during water injection.
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The velocity U is independent of the linear coordinate X
because of the aqueous suspension incompressibility. In addition,
we have assumed that the porosity ¢ is constant and is unaffected
by the deposition. This may not be the case when significant
deposition takes place.

The first two equations in Eq. 1 represent the kinematics of par-
ticle transport and capture; the third equation is a dynamical model
that predicts pressure gradient increase caused by permeability
decline with particle deposition. The third equation decouples
from the first and second equations so the system of two kinematic
equations can be solved independently.

The initial and boundary conditions for particulate suspension
injection into a porous medium filled by a particle-free fluid are

T=0:C=0,5=0; X=0:C=1. ...ovvvrerne.... 3)

In the case of constant filtration coefficient, the solution of the
initial-boundary value problem Egs. 1 and 3 for 7' > X is (Herzig
et al. 1970; Pang and Sharma 1997):

C(X,T) =exp(-AX)
S(X,T)=A(T-X)exp(=AX). ..o, 4)

Ahead of the concentration front 7' < X, both concentrations
are zero.

The suspended concentration distribution reaches the steady
state given by Eq. 4 for the overall core at the moment 7 = 1.
Therefore, for the case of constant filtration coefficient, the outlet
concentration is equal to zero before the particle breakthrough 7'
< 1, and is constant afterward. After 7 = 1, the deposition rate
becomes constant. The deposit accumulates, and the deposited
concentration grows proportionally to time, given by Eq. 4.

The explicit formula for suspended concentration allows calcu-
lation of the constant filtration coefficient from the constant outlet
concentration (Pang and Sharma 1997; Wennberg and Sharma
1997). For the more general case when \ is not a constant, A =
A(S) and the breakthrough curve C(1, T) determines the filtration
coefficient. The solution of the inverse problem is unique and
stable (Bedrikovetsky et al. 2002; Alvarez 2004).

Eq. 4 allows for the following physical interpretation of the
filtration coefficient. The average particle penetration depth is
equal to 1/A.

xc(x,z)dx/];c(x,t)dx T 5)

A

St—3

It is worth mentioning that particles move with the carrier
water velocity according to the continuity equation. The analytical
solution for 1D deep-bed filtration includes a suspended concen-
tration shock that moves with the carrier water velocity along the
trajectory X = T.

W (ar)
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Fig. 2—Shape of functions in the analytical model.
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Fig. 3—lterative procedure for solving the first inverse problem.

Mathematical Model for Transport and
Multiple Capture of Particles

Consider injection of a particle suspension into a porous reser-
voir. The retained particle concentrations deposited by all capture
mechanisms o, o, ... o,are introduced (Fig. 1). It is assumed that
each mechanism capture rate is proportional to the particle flux cU,
and that the corresponding filtration coefficients A, A, ... A are
dependent on all o, o, ... 0,

We note that the assumption that each capture rate is propor-
tional to cU is essential for the analysis that follows. This may not
be a valid assumption, especially if shear mechanisms within the
pore play a significant role. However, the experimental evidence
shows that this proportionality assumption is generally reasonable
and is, at least approximately, true.

The system of governing equations consists of the mass bal-
ance for retained and suspended particles and of capture kinetics
for each mechanism:

d - dc
— . — =0 . 6
Bt(¢c+g’a')+l]3x ()

and

do, _
5 —/\i((rl,...

0, )eUi=12.n ... 7

As for the case of the single-capture model, we assume that the
porosity ¢ is constant and unaffected by deposition. Introduction of
the dimensionless coordinates and parameters defined in Eq. 2,
along with

transforms Eqgs. 6 and 7 to

J : aC
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e A(S,....8,)Ci=12. (10)

Initial conditions correspond to particle absence in the reservoir
before the injection.

Boundary conditions correspond to a given suspended concentra-
tion in the injected fluid.

The injected water front will propagate into the porous medium
with unit dimensionless speed. Suspension and retained concentra-
tions are zero ahead of the injected-water front (Appendix A), like
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in a single capture system. Retained concentrations are continuous
across the front and, therefore, are zero on the concentration front.
From the characteristic form of the system (Eqgs. 9 and 10) follows
the exponential decrease of suspended concentration on the front.

C(T.T)= exp(—i/\,. (0.0... O)T). ................. (13)

i=1

Examples of Models With Multiple Capture
Mechanisms

To illustrate the variety of models that fall under the multicapture
model formulated in the previous section, we consider a few exam-
ples. First, let us discuss deep-bed filtration of hematite particles
with monolayer and polylayer adsorption. The process has been
analyzed and modeled numerically by Kuhnen et al. (2000).

The hematite particles are exposed to two types of capture in
porous quartz sand: monolayer adsorption with blocking of free
grain surface driven by particle/surface interaction, and multilayer
adsorption caused by particle/particle interaction. The two capture
mechanisms have different kinetic rates and different characteristic
times.

The blocking kinetics are described by the fraction 6 of the
bare surface covered with colloidal particles. The mathematical
model consists of mass balance for suspended and retained par-
ticles (Eq. 1), the total kinetics equation:

as

—=¢|BO)+€0|C ... 14

o = s[B(6)+eb] a5
and the blocking monolayer kinetics

a6

—=vyB(0)C. ... . 15

o7 = vB(9) (15)

Here, { and 7y are dimensionless constants defined in Appendix D,
and B(0) is a blocking function. We discuss the case of Langmuir
adsorption that is typical for medium concentration suspension,
where the retention alters the grain surface available for adsorption
and the suspended particles do not interact with each other.

B(0)=1=B0. . (16)

The system of Eqgs. 1, 14, and 15 can be translated into the form
of Egs. 9 and 10. However, this adds unnecessary intermediate
calculations. As shown in Appendix D, straightforward calculation
of S = 5(6) can be performed directly from Egs. 14 and 15.

Another example of two-capture deep-bed filtration system was
studied by Rege and Fogler (1987, 1988) and Siqueira et al. (2003).
Porous space is presented by a cubic lattice with pores placed in
lattice vortices. Sides represent the capillary with pore throat radii.
Several particle retention processes inside the pore (Fig. 1) are
represented by one aggregated capture mechanism by giving the
probability for a particle to be captured inside the pore body. Size
exclusion takes place at pore exits—a particle larger than the pore
throat does not pass into a capillary.

Size exclusion in a system with a size distribution of both par-
ticles and pores (Sharma and Yortsos 1987) can be also described
by a multicapture system (Eqs. 9 and 10). The system with incom-
plete pore plugging (Shapiro et al. in press) allows for an analytical
solution in case of single particle size injection and a medium with
two pore sizes. The particle is smaller than the large pore and is
larger than the small pore. Each capture decreases the pore size;
the small pore radius after n sequential retentions is considered to
be zero. Therefore, “new” pores appear because of the partial plug-
ging with n—1 different radii. The degree of freedom of the system
is n, and the equations have the type of Egs. 9 and 10.

Reduction of the Multicapture System to

That of a Single Capture Mechanism

We now show that the system for deep-bed filtration with n
simultaneous particle-capture mechanisms can be reduced to the
single-capture system: All simultaneous capture processes can be
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aggregated into a single capture process with a filtration coefficient
that equals the sum of the filtration coefficients of all simultaneous
capture processes. The total filtration coefficient can be expressed
as a function of the total retained concentration.

The n-capture system (Eqgs. 9 and 10) has n degrees of freedom
(Landau and Lifshitz 1980; Bedrikovetsky 1993). Let us sum Eq. 10
from 1 to n; the total deposition rate is proportional to the total filtra-
tion coefficient (the sum of all the individual filtration coefficients)
that is a function of all individual retention concentrations (i.e., the
system still has n degrees of freedom). Derivations in Appendix B
show that the total filtration coefficient can be expressed in terms
of the total deposition concentration (i.e., the degrees of freedom
for the system of Eq. 10 can be reduced to 1).

Let us denote by

S, = f(8) (17)
the solution of the Cauchy problem
S=0:8,(8)=0. . 0o (18)
for the system of ordinary differential equations
v A LSS
ﬁzg,zﬁl,}..n. ................. (19)

S S A(S,..S,)
i=1

Eq. 17 allows the expression of the total filtration coefficient as a
function of the overall deposition concentration.

A(S):i/\,.(sI (£0S))ee S, (£(8)) o (20)

As shown in Appendix B, the system of multicapture filtration
becomes the same as Eq. 1. Aggregation of all individual filtra-
tion coefficients (Eq. 7) into a single filtration coefficient (Eq. 20)
allows reduction of the multicapture (n + 1) x (n + 1) system (Egs.
6 and 7) to the 2 x 2 system (Eq. 1).

Examples of the Aggregation of
Multicapture Models Into a Single
Filtration Coefficient

Let us discuss some examples of aggregation of multicapture deep-
bed filtration models into the form with a single capture coefficient.
First, we consider n simultaneous retention processes during flow
of a low-concentration suspension. For low-concentrated suspen-
sions, the total retained concentration is also low. The deposition
does not alter the pore space geometry and surface area of the rock,
and the filtration coefficient can be considered to be constant. For
medium-concentration suspensions, the filtration coefficient can be
considered constant for small times. If all filtration coefficients in
Eq. 7 are constant, the sum of Eq. 7 from i = 1 to i = n leads to the
conclusion that the total filtration coefficient A is equal to the sum
of all individual filtration coefficients A, and is also constant.

The second example, analyzed in Appendix C, has two simul-
taneous capture mechanisms, where the first filtration coefficient
A, is a linear function of retained concentration, and the second
filtration coefficient A, is constant. This model is relevant for
medium-concentration suspensions where particle retention alters
the rock surface available for capture but suspended particles do
not interact. One can formulate the kinetic equation as

where £ is the concentration of vacancies available for particle
capture. It is assumed that a vacancy is filled by m retained par-
ticles, so the vacancy concentration can be expressed in terms of
the retained concentration h(x,f) = h(x, 0)—m~'o(x,t). Substituting
into Eq. 21, we obtain
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%‘t’ =M (By—mo)eU, o (22)

assuming the initial vacancy concentration h(x,0) = h,is uniform.
From Eq. 22 follows that the filtration coefficient is a linear func-
tion of retained concentration:

M(o)=A(hy—mla). (23)

Such a linearly dependent filtration coefficient is considered in
several studies where medium-concentration suspensions are used
(Kuhnen et al. 2000; Soo et al. 1986). Appendix C shows that the
total filtration coefficient is

Ma)=Ay (g —m™'o (0))+ Ay, oo (24)

where o,(0) is the inverse to the function in Eq. C-3.

The third example considers a quadratic filtration function for
the first capture mechanism; the second filtration coefficient is
constant.

A=alS,+bY, h=d. o (25)

The quadratic filtration function describes either increase or decrease
of the deposition rate during retention (Roque et al. 1995; Veerapen
2001). The quadratic filtration function describes either increase
or decrease of the deposition rate during retention. A decreasing
rate can describe blocking behavior because it reduces to zero,
remaining zero for higher retention concentration. It also describes
a non-monotonic filtration coefficient variation during the increase
of retained concentration. All the previously mentioned cases can be
obtained by choosing the respective signs for coefficients a, b, and
d of the quadratic polynomial (Eq. 25). Integration of the system of
Egs. 9 and 10 for the case of Eq. 25 is presented in Appendix C.
The total filtration function is found to be

A(S)=d+

2
alg e (S—i—b) +4Sb
4 ab ab

For deep-bed filtration of hematite particles in sand packs with
monolayer and polylayer adsorption, the derivation of the aggrega-
tion is presented in Appendix D. The overall filtration coefficient
is given by Egs. D-9 and D-10.

2

e (26)

Analytical Model for a Single-Capture-
Mechanism Deep-Bed Filtration

The initial and boundary conditions (Eq. 3) for Eq. 1 correspond
to the problem of particle suspension injection into a particle-free
porous reservoir or core. This problem has an exact analytical
solution (Herzig et al. 1970; Bedrikovetsky et al. 2002). Introduc-
tion of the potential

tdo
I(S)= = oo 27
)= ]35 o
allows transforming the second part of Eq. 1 to the form
AI(S)
=0 28
T (28)

Substitution of Eq. 28 into the first part of Eq. 1 and integrationin T
from zero to 7, allowing for the initial conditions (Eq. 3), results in
the following first-order quasilinear partial differential equation

s s

a—T+a—X_—A(S)S. ............................. (29)

Fixing C = 1 in the second part of Eq. 1 for the inlet X = 0 provides
the boundary condition for Eq. 29.
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X=0:T1(S)=T. .o (30)

The solution of the problem (Eqs. 1 and 2) is obtained by the
method of characteristics

S(x.1)

]

n(7-X)

ds
A(S)S

e 31)

Here, II7/(7) is an inverse function to Eq. 27. It expresses
retained concentration S(0,7) at the inlet from Eq. 30. The solu-
tion S(X,7) can be expressed via the primitive of the integral in
Eq. 31.

ds

V= PP 32
I 3s7s G2
Typical plots of functions Il and W are shown in Fig. 2. After
finding the retained concentration S(X,7) from Eqgs. 31 and 32, one
obtains the suspended concentration C(X,T) directly from Eq. 28.

Analytical Model for a Multiple-Capture
Deep-Bed Filtration

The analytical solution for the multiple capture problem (Egs. 9
and 10) directly follows from the single-capture solution (Egs. 31
and 32) and from the aggregation procedure (Eqgs. 17 through 20).
From this procedure follows that the suspended concentration
C(X,T) and the total retained concentration S(X,7) from multiple
capture system (Eqgs. 9 and 10) already satisfy the single-capture
system (Eq. 1) with initial and boundary conditions (Eq. 3) and
with the aggregated total filtration coefficient (Eq. 20). Eq. 17 pro-
vides the retained concentration distribution for each component.
Egs. 17, 31, and 32 form an analytical solution for the multiple-
capture deep-bed filtration of particulate suspensions.

Characterization of Single-Capture
Deep-Bed Filtration System From
Laboratory Data: Inverse Problems
The single-capture system (Eq. 1) contains an empirical filtration
function A(S). We now show how to obtain it from the effluent
concentration history C(1,7), the so-called breakthrough curve
(Bedrikovetsky et al. 2002; Alvarez 2004), in a laboratory test in
which a constant concentration suspension is injected into a core
with measurement of exit suspension concentration and pressure
drop over the core.

Let us integrate Eq. 28 from 1 to 7 for X = 1:

M(e(1,T-1))=M(T-1),

a(LT-1)=g(MT=1), oo (33)
where M is the accumulated mass of produced particles
T-1
MT-D= [C(Le+1)de ... (34)

0

and g(7) = [17'(7) is the inverse function of Eq. 27.

The iterative procedure for solving the functional equation
(Eq. 33) is shown graphically in Fig. 3. It is very easy to implement
numerically. Curves 1, 2, and 3 in this figure correspond to the
functions M(T), C(1,T), and T—1, respectively. The value of g'(T)
follows from differentiating Eq. 30 near 7= X = 0.

g'(0)=2(0) .

The filtration coefficient A(o) can be found from the function o =
g(\W) using Eq. 27. Once A(0) has been determined, the retained
concentration S(X,7) can be found by solving Egs. 1 and 3.

.................................. (35)
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For a multiple-capture-mechanism system, the formation dam-
age k will be a function of all retained concentrations, because the
same retained concentrations for particles captured by different
mechanisms (e.g., size exclusion and sorption) will cause com-
pletely different permeability damage.

K=Ky Sy e S)) e oo (36)

Substitution of the Eq. 17 into Eq. 36 realizes the aggregation
of different retained components into a single-variable formation
damage function «(S):

K(S) = KL (SN folS) e i) oo 37)

If we measure pressure drop Ap(T) on the core during suspen-
sion injection, then integrating Darcy’s law (the third part of Eq. 1)
over the length of the core we get

j’mZAP(T). .......................... (38)

This is an integral equation that determines the positive function
k(o). If a good guess of k(o) is available, Tichonov’s regularization
can be used as iterative procedure to solve Eq. 36. Optimization
methods can be used to find the initial guess. The details of this
procedure can be found in the thesis of Alvarez (2004).

Therefore, from the breakthrough curve, one determines an over-
all filtration function. Once the filtration function is determined, the
formation-damage function is calculated from the pressure drop over
the core. Splitting overall filtration function into filtration functions
for each capture mechanism A(S,, S,, ... S,) is a separate problem,
discussed later.

Several environmental processes require the forecast of sus-
pension propagation in reservoirs and are not concerned with the
retained concentration. In this case, the laboratory coreflood tests
must be performed under reservoir conditions (i.e., maintenance
of the same reservoir temperature and pressure, water salinity, and
mineral rock composition as that in a natural reservoir) to provide
the same capture rate for all the retention mechanisms. The functions
A(S,,S,, ... S,) are then the same in the laboratory as in the reservoir.
An overall filtration function must be determined. As follows from
the aggregation procedure, the suspended concentration C(X,T) of
contaminant in the natural reservoir with multiple capture mecha-
nisms can be described by the single-capture model (Eq. 1).

Because particle deposition during suspension propagation
in natural reservoirs does not alter streamlines for 3D flows, the
aggregation procedure is valid for conditions along each stream-
line. Therefore, the overall filtration function obtained in the labo-
ratory can be used for 3D modeling of contaminant propagation
in the natural reservoir.

Determination of Multicapture Filtration
Coefficients From Breakthrough Curve

The exact solution of the inverse problem (Bedrikovetsky et al.
2004; Alvarez et al. 2006; Alvarez 2004) allows calculation of a
set of points (0}, A), k=1, 2 ... for filtration coefficients A,(c)).
For a single-capture filtration coefficient, if there is an explicit
parametric formula A = A (o, b, b, ...), the parameters b,, b, ...
can be determined by an optimization procedure, fitting the break-
through curve to that simulated (Alvarez 2004).

In multiple-capture filtration, if explicit parametric formulas for
all filtration coefficients are not available, the exact inverse solution
still provides the overall filtration coefficient. But, in this case, the
overall filtration coefficient cannot be split into those for all cap-
ture processes. However, if in multiple-capture filtration, explicit
parametric formulas A(o,, 0, ...) = A(0, b, b, ...),i=1,2 ...n
are available, the aggregation procedure allows a single-capture
optimization algorithm of the inverse problem to be used to deter-
mine the filtration coefficients for all capture mechanisms from the
breakthrough curve. The solution (Eq. 17) provides expressions for

the aggregated filtration coefficient A = A(o, b,,, b, ... b,,, b,,,
by, ... b,,). The full set of parameters (b,,, by, ... b,,, by, by, ... b,,)
481
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Fig. 4—Fitting of breakthrough curves by the analytical model.
a) Breakthrough curves of hematite colloids through columns
packed with quartz sand at different ionic strengths. Sequences
of points correspond to laboratory measurements. Lines rep-
resent calculations based on estimated parameters g and ¢
obtained with the analytical model. b) Blocking parameter 8 as
a function of the solution ionic strength. c) Effect of interaction
ratio ¢ vs. ionic strength.

can be determined by optimal fitting of the breakthrough curve to
that simulated using the overall filtration coefficient.

Fitting the Filtration Model of Monolayer

and Polylayer Adsorption With Laboratory

Data for Hematite Particles

The analytical model for deep-bed filtration of hematite particles
with monolayer and polylayer adsorption was used to adjust the
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TABLE 1—PARAMETERS FOR PREDICTION OF
BREAKTHROUGH CURVES IN FIG. 4a BY ANALYTICAL
MODEL

Data B y ¢ £
Curve 1 6.62 0.016 3.06 0
Curve 2 4.87 0.010 210 0
Curve 3 2.23 0.009 1.89 0
Curve 4 1.20 0.010 1.90 0.055
Curve 5 1.43 0.012 2.51 0.326
Curve 6 1.00 0.010 2.28 0.688

laboratory data on hematite retention in quartz sand packs obtained
by Kuhnen et al. (2000). The formulas are derived in Appendix
D (see Egs. D-9 and D-10). The outlet suspended concentration
C(1, T) is predicted to depend on two fitting parameters four
parameters (3 and &, defined in Eq. D-4. Note that we do not make
the simplification € = 0, discussed at the end of Appendix D and
leading to Eq. D-12, but use the full expression (Eq. D-10) for the
filtration coefficient.

Six experimental breakthrough curves are available, as shown
in Fig. 4a, corresponding to corefloods using different salinity
brines. As shown in Appendix D, the number of independent
parameters for fitting is two, the blocking parameter 8 and the
interaction ratio €.

These two parameters were adjusted by Kuhnen et al. (2000)
using a numerical model for the system (Egs. D-1, D-2, and D-3).
The Levenberg—Marquardt method (More et al. 1980) was used to
estimate the two parameters by minimizing the sum-squared errors
between the experimental and theoretical particle-breakthrough pro-
files. We use the same algorithm to estimate 8 and € using the
analytical model (Eqs. D-9 and D-10). The blocking parameter 3
obtained from fitting the six breakthrough curves with the analytical
model is shown in Fig. 4b by a solid line. The dotted line presents
the results obtained by Kuhnen et al. (2000). The interaction ratio &
is presented in Fig. 4c. The parameter values are given in Table 1.

One can see that the results almost coincide. Some minor
discrepancy can be explained by the exclusion of hydrodynamic
dispersion in our analytical model. Khunen et al. (2000) include
dispersion. However, the dimensionless Péclet number for the case
of hydrodynamic dispersion in porous media is equal to L/a,,
where L is a core length and «,, is the rock dispersivity (Bed-
rikovetsky 1993). For the sand packs used (Kuhnen et al. 2000),
a,=7x 10" m and L = 0.03 m. The Péclet number is thus equal
to 42.8, greatly exceeding unity, and dispersion can be ignored.

The obtained values of the parameters 8 and ¢ allow prediction
of the deposition dynamics. The deposition profiles are shown in
Fig. 5 for T= 10 and 100 pore volumes injected (pvi). Fig. 5a cor-
responds to parameters obtained from a low-salinity Breakthrough
Curve 4 (see Fig. 4a); Fig. 5b corresponds to 3 and € obtained from
a high-salinity Breakthrough Curve 6 (see Fig. 4a). In both cases,
the blocking efficiency is varied to study the sensitivity—the two
dotted curves around every continuous fitted curve correspond to
B £ 1. Fig. 6 shows the deposition profile sensitivity with respect
to the interaction ratio &.

Availability of parametric formulas for individual capture kinet-
ics (Egs. D-2 and D-3) allows calculation of the parameters from
the breakthrough curve and the splitting of the overall retained con-
centration S(X,7) into individual retained concentrations S,(X,7).
Figs. 7 and 8 show profiles for the surface coverage fraction
0. Figs 7a and 8a correspond to parameters obtained by fitting
Breakthrough Curve 4 (in Fig.4a), and Figs 7b and 8b correspond
to Breakthrough Curve 6, using the same sensitivies for 8 and &
as in Figs 5 and 6.

Conclusions

The results of this paper are of importance for field studies of
injectivity decline. Although other mechanisms, such as filter-cake
buildup also may contribute to the injectivity decline of an injection
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Fig. 5—Effect of blocking parameter 3 on deposition profiles as
calculated for two times, T= 10 pvi and T = 100 pvi. (a) Deposi-
tion profiles for Breakthrough Curve 4 in Fig. 4a for £ = 0.055:
Lines 1 and 6 B = 2.2; Lines 2 and 5 8 = 1.20; Lines 3 and 4
B =0.2. (b) Deposition profiles for Breakthrough Curve 6 in Fig.
4a for £ = 0.689: Lines 1 and 6 B = 2.0; Lines 2 and 5 8 = 1.00;
Lines3and 4 g=0.

well, deep-bed filtration mechanisms generally also play a signifi-
cant role. This study shows that the engineering approach of using
an aggregated single filtration coefficient can be justified, even when
multiple-capture deep-bed filtration mechanisms play a role.

A multiple-capture system of suspension transport in porous
media can be reduced to an equivalent single-capture system. The
retention concentration and capture rate for the aggregated single-
capture system is a total of retention concentrations and capture
rates for all capture mechanisms of the multiple-capture system. The
filtration function for a single-capture transport is obtained from the
solution of the system of ordinary differential equations; these equa-
tions include filtration functions for all capture mechanisms.

The filtration and formation damage functions of the aggre-
gated single-capture system can be determined as a solution of
the inverse problem from laboratory tests, using the breakthrough
curve and the rate/pressure drop history, respectively. The labora-
tory tests must be performed under the same conditions as that of
the reservoir (i.e., reproducing the multicapture environment).

The aggregated filtration and formation-damage functions can
be used in 3D modeling of suspension transport in natural reser-
voirs. If particle deposition does not alter streamlines in 3D flow,
the suspended concentration and pressure field for a multiple-
capture system of suspension transport is the same as that for the
aggregated single-capture system. In this respect, implementation
of the multicapture model in a streamline simulator will be only
marginally more complicated than implementation of a single-
capture model because relatively few modifications of the velocity
and pressure fields will be required.

September 2009 SPE Journal

0.8 F 2 ]

0.5tk 3 L R - T=100 pvi
QM ) ) B _-l- o e
04 ¢ 1
021456 .
B —— T=10 pvi
o =Lty
0 0.2 0.4 0.6 0.8 1
(@) X
1 I 0
't.«k‘.
08 ™
0.6 f = 1
) 3
© 5~ T=100 pvi
0.4 ! S
02456 |
S e ____T=10pvi
0 L L L P it
0 0.2 0.4 0.6 0.8 1
(b) X

Fig. 6—Effect of interaction ratio £ on deposition profiles as
calculated for two times, T= 10 pvi and T =100 pvi. (a) Deposi-
tion profiles for Breakthrough Curve 4 in Fig. 4a for g = 1.20:
Lines 1 and 6 ¢ = 0.455, Lines 2 and 5 ¢ = 0.055, Lines 3 and 4
e = 0. (b) Deposition profiles for Breakthrough Curve 6 in Fig.
4a for B = 1.00: Lines 1 and 6 £ = 1, Lines 2 and 5 £ = 0.689,
Lines 3 and 4 £ = 0.289.

Nomenclature

a, = grain diameter, m
a = coefficient in the quadratic filtration function
b = coefficient in the quadratic filtration function

b,.b,... = explicit parameters governing capture
bj,.bj,... = explicit parameters governing capture for the jth mode

B = blocking function
¢ = suspended particle concentration
¢® = injected suspended particle concentration
c. = surface concentration of deposited particles
C = normalized suspended particle concentration

[C] = jump in C at the shock front
d = filtration coefficient constant
f = bare matrix area available for colloid deposition per unit

pore volume
g = inverse function of 11
h = concentration of vacancies available for particle capture
h, = initial concentration of vacancies available for particle
capture

k, = original permeability, m?
K = fast deposition rate

k,. = particle/matrix deposition rate

k,, = particle/particle deposition rate
L = core length, m
m = number of particles filling a vacancy

M = accumulated dimensionless mass of produced particles
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Fig. 7—Effect of blocking parameter B on surface coverage
fraction profiles as calculated for two times, T= 10 pvi and T =
100 pvi. (a) Surface coverage fraction profiles for Breakthrough
Curve 4 in Fig. 4a for £=0.055: Lines 1 and 6 8 =2.2, Lines 2 and
5 B =1.20, Lines 3 and 4 B = 0.2. (b) Surface coverage fraction
profiles for Breakthrough Curve 6 in Fig. 4a for £ = 0.689: Lines
1and 6 B =2.0, Lines2and 5 g =1.00, Lines 3and 4 8 =0.

n = number of capture modes
p = pressure, Pa
Ap = pressure drop across core, Pa
S = normalized deposited particle concentration
S; = normalized deposited particle concentration for jth
capture mode
[S,] = jump in §; at the shock front
T = normalized time
t =time, s
U = total flow velocity, m/s
v, = average interstitial velocity of particles, m/s
x = distance along core, m
X = position of shock front, m
ay, = rock dispersivity, m
a,. = collision efficiency for particle/matrix deposition
a,, = collision efficiency for particle/particle deposition
B = Langmuir coefficient in linear blocking function
vy = nondimensional parameter defined in Eq. D-4
€ = nondimensional parameter defined in Eq. D-4
s = nondimensional parameter defined in Eq. D-4
0 = fraction of bare surface covered with deposited particles
k = permeability reduction function
A = filtration coefficient, m™'
A, = filtration coefficient for jth capture mode, m™
A = dimensional filtration coefficient
A; = dimensional filtration coefficient for jth capture mode
u = viscosity of the fluid, Pa-s
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Fig. 8—Effect of interaction ratio ¢ on surface coverage fraction
profiles as calculated for two times, T= 10 pvi and T = 100 pvi.
(a) Surface coverage fraction profiles for Breakthrough Curve 4
in Fig. 4a for B =1.20: Lines 1 and 6 £ = 0.455, Lines2 and 5 ¢=
0.055, Lines 3 and 4 ¢ = 0. (b) Surface coverage fraction profiles
for Breakthrough Curve 6 in Fig. 4a for g = 1.00: Lines 1 and 6
e=1, Lines 2 and 5 £ = 0.689, Lines 3 and 4 ¢ = 0.289.

IT = potential function for the inverse filtration coefficient
o = deposited-particle concentration

0; = deposited-particle concentration for jth capture mode
¢ = porosity

V¥ = primitive of integral defined in Eq. 31
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Appendix A—Analysis of the Solution
Structure for the Multiple Capture System

Conditions of the particle mass conservation on the shock follow
from Egs. 6 and 7:

dx
[c+sl+...+s"]d—tf:[c] ........................ (A-1)
and
d
[S,]%:O,i_u By et r st (A-2)

where [C] and [S,] denote the jump in C and S, respectively, across
the shock. From Eq. A-2 follows that retained concentrations are
continuous functions, [S;] = 0. Accounting for continuity of S, in
Eq. A-1, we obtain
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so, if the suspended concentration suffers a discontinuity, the shock
speed is unity.
The characteristic form of Eq. 6 is

aC dC

JRS— + =
JaT dX
From the characteristic form of the system (Eqs. 6 and 7) and

accounting for initial conditions (Eq. 11), it follows that all con-
centrations are zero ahead of the concentration front.

~(A(S1 -8, )4 A AL(S 8, ))C (A

X>T:C(X.,T)=S,(X,T)=0. ..., (A-5)

Appendix B—Reduction Procedure

for the System of Multicapture

Mechanism Equations

Eq. 10 is already in the characteristic form, in which the velocity
of the characteristics is zero. Therefore, the retained concentra-

tions fulfill a system of ordinary differential equations for 0 < X
<1l andforT>X>0.

1 ds, 1 ds

A(S,o.8,)dT ~

L=C. ... (B-1)

T (S0S,) dr

From Eq. B-1 follows a system of n ordinary differential equations.

ds,  A(S--S.)

dSl A=23..00, (B-2)
ZA (S.....8,)
where the total retained concentration is
) P (B-3)

i=1

The retained concentrations are continuous functions (see Appen-
dix A). Therefore, they equal zero along the concentration front X
= T. This provides the initial condition for the system of ordinary
differential equations (Eq. B-2).
S=0:8,=00nX=T............ ... ... ... (B-4)

Let us denote the solution of the Cauchy problem (Egs. B-2
and 4) as

Sizfi(s)'

Now, we show that the system of deep-bed filtration of suspension
with n dependent particle capture mechanisms is equivalent to that
with the single mechanism of the particle capture by the rock. The
sum of n equations (Eq. 10) gives the total capture rate

.................................... (B-5)

A u
aT—(ZAi(Sl,...

i=1

with the total filtration coefficient A

A(S,....s,) =ﬁ“A,(s1
i=1

Substitution of Eq. B-5 into Eq. B-7 results in the expression of
the total filtration coefficient as a function of the total retained
concentration.

S):gAi(Sl(ﬁ(S)),...

Finally, the system Eqgs. 9 and 10 becomes

S ) (B-7)

S, (£,(5)))-

............. (B-8)
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) oC

aT(C+S)+8—X 0

oS

T A(S)C e (B-9)

Similar aggregation procedure can be applied for transport in
porous media with multiple nonequilibrium adsorptions or with
simultaneous irreversible chemical reactions (Bedrikovetsky 1993).

Appendix C—Examples for Aggregation of
Several Capture Processes

Let us discuss first the example where the first filtration coefficient
is a linear function of retained concentration and the second filtra-
tion coefficient is constant.

A= ’\o(ho

In this case, rewriting Eq. B-2 in terms of o, o, allows for the
first integral

0)) A =CONSE. o (C-1)

2:? do__W(hy=oi) (C-2)
Ao A (B —0) X
This gives total retained concentration o = o, + 0.
X
o(o)=In(hy—o o+ ..o (C-3)

and, thus, expresses o, in terms of o through the inverse of Eq. C-3.
The final expression for the overall filtration coefficient is

()4 Ay oo (C-4)

As a second example, let the first filtration coefficient be qua-
dratic and the second filtration coefficient be constant.

A(‘T) = (ho -0,

M=a(S,+b), A=d. (C-5)
In this case, Eq. B-2 allows for the first integral.
= j S (C-6)
(s+b)7  ab(S,+D)

The total deposited concentration can be expressed via the first
retained concentration.

Sd

S:S1+S2:S1+m

The inverse function to Eq. C-7 allows expressing the first retained
concentration via the total deposited concentration.

2
Sl=l S—i—bi (S—i—b) +4Sb . ... .. (C-8)
2 ab ab

Substitution of Eq. C-8 into Eq. C-5 results in the following form
for the overall filtration coefficient

5 2
AS)=d+l 5L ips (s-i—b) +4Sb | .
4 ab ab

Appendix D—Example of Deep-Bed

Filtration of Hematite Particles With

Monolayer and Polylayer Adsorption

The system consists of mass-balance equations for suspended and
adsorbed particles, a kinetic equation for overall retention rate,
and a blocking kinetic equation for monolayer adsorption (Kuhnen
et al. 2000).

%[c+fcs]+v O 0 (D-1)

” ox
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Jdc

= [k, BO)+k,0]c. ... (D-2)
el
== kB(O)maze. ......... ... .. .. (D-3)

Here, v, is the average interstitial velocity of colloidal particles, fis
the bare matrix surface area available for colloid deposition per unit
pore volume, c, is surface concentration of deposited particles, k,
is the deposition rate of colloidal particles to bare matrix surfaces,
k,, is the deposition rate of colloidal particles to previously depos-
ited particles attached to matrix surfaces, a, is the grain diameter, 6
is the fraction of the bare surface covered with colloidal particles,
and B(0) is a so-called dynamic blocking function.

Translation of the surface retention concentration c, into volu-
metric retention concentration o and introduction of dimensionless

parameters

k L
o=dfe, U=dv, s=2
v

4
¢Lma’c’
o andy =k, — F—
transforms Eqgs. D-1, D-2, and D-3) into the dimensionless form
(Egs. 6, 14, and 15).

The number of independent parameters can be reduced to two,
B and ¢, as follows (Kuhnen et al. 2000). The deposition rates k

and k,, can be interpreted as the product of the fast depositioln
rate under favorable conditions &’ (in the absence of electrostatic
repulsive or attractive forces) and a collision efficiency for parti-
cle/matrix and particle/particle interactions, respectively. Thus k,
=K a, and k,, = K «,,. The initial deposition rate under favorable
conditions, ¥/, can be calculated from filtration theory (Elimelech et
al. 1995). The collision efficiency for particle/particle interactions
a,, can be measured in laboratory (Kuhnen et al. 2000). Therefore,
both s and vy can be expressed in terms of &.

Initial and boundary conditions are given by Eq. 3. The condi-
tion of initial absence of particles on the grain surface

must be added to the boundary conditions to describe suspension
injection into a particle-free rock.

The aggregation procedure is similar to that for Egs. 17 through
20. Let us choose the total retention concentration S as an inde-
pendent variable in the system of ordinary differential equations
along characteristics with zero speed. This reduces the system to
one ordinary differential equation.

do vB(9)
o T T D-6
ds  s[B(6)+ef] (b-0)
A new constant £ is defined by
= (D-7)
Y
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The first integral of Eq. D-6 is

[ ey t ydy
s=efl1+-8 y=goree[ 22 . D-8
ga[( +B(y))dy ¢ +§€J3(y) o

Eq. D-8 can be calculated explicitly for the case of Langmuir
blocking sorption (Eq. 16).

£ £ 7
S=-¢ 9(—1]+1n(1—B(9). .................. (D-9)
[ B B :
Finally, the overall filtration coefficient is

A(8)=s[1+(e-B)o(s)].

where 6(S) is the inverse function to Eq. D-9. This inverse function
can be calculated explicitly in case €= 0, where the particle/particle
interaction vanishes at low brine ionic strength. In this case,

S=E0 ... . (D-11)
and the total filtration coefficient is
A(S)= 9[1—62]. ............................ (D-12)
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