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Summary

Suspension, colloidal, and emulsion flow in rocks with particle
size-exclusion may have a strong effect on the reservoir and on
the well behavior during fines migration and production, drilling-
fluid invasion into oil- or gas-bearing formations, or injection of
seawater or produced water. The stochastic microscale equations
for size-exclusion colloidal transport in porous media (PM) are
derived. The proposed model includes the following new features:
It accounts for the accessible flux in the expression for capture
rate, it accounts for the increase of inlet concentration caused by
the injected particles entering only the accessible area, and it
accounts for the dilution of effluent accessible flux in the overall
flux of the produced suspension.

Two sets of laboratory tests on short-term injection of mono-
sized suspensions have been carried out in engineered PM. The
treatment of the laboratory data for short-term continuous-suspen-
sion injection shows good agreement with the modeling results.
The proposed model shows a better fit to the experimental data
than the previous population-balance model for suspension trans-
port in PM, which validates the proposed modified model.

Introduction

Suspension and emulsion transport in PM is an essential feature
of numerous petroleum-production processes (Civan 2007; Ding
2010). Invasion of the drilling fluid into oil- or gas-bearing forma-
tions causes well-index reduction; the invasion profile is an im-
portant part of the reservoir characterization by well logging
(Bailey et al. 2000; Tiab and Donaldson 2004). Injection of poor-
quality water, including raw-water injection and produced-water
reinjection, may cause significant injectivity damage (Pang and
Sharma 1997; Bachman et al. 2003). High-velocity flow of water
with a composition different from that of the formation water may
lift the reservoir fines; fines migration and capture near production
and injection wells may cause a significant well impairment
(Sharma and Yortsos 1987c; Khilar and Fogler 1998; Schembre
and Kovscek 2005; Civan 2010; Takahashi and Kovscek 2010).
Other cases of formation damage resulting from the flow and cap-
ture of solid and liquid particles in oil and gas reservoirs include
asphaltene and paraffin precipitation, production of foamy oils,
flow of foams, and invasion of completion fluids. Industrial filter-
ing, propagation of bacteria and viruses in aquifers, disposal of
industrial wastes, and artesian-well exploitation are some exam-
ples of the numerous nonpetroleum applications of suspension
and emulsion transport in PM (Torkzaban et al. 2010; Bradford
et al. 2011; Chatterjee et al. 2011).

The rock alteration in the preceding processes is a result of par-
ticle capture by the matrix, which leads to permeability damage.
Such capture is caused by size exclusion of large particles, particle/
grain attachment, gravity segregation, particle diffusion into dead-
end pores, and bridging (Nabzar et al. 1996; Chauveteau et al.
1998; Rousseau et al. 2008; Saraf et al. 2010). The straining mech-
anism, in which large particles become stuck in thin pores (size-
exclusion capture), often occurs in formation-damage processes.

The reliable mathematical modeling of the preceding processes
is aimed at strategy development for injected-water treatment, par-
ticle sizing in drilling and completion fluids, design of injected-
water filtering, and gravel sizing in frac-pack and gravel-pack well
completions. At present, the suspension and emulsion transport in
natural rocks on the microscale is modeled using population-
balance models (Sharma and Yortsos 1987a,b; Bedrikovetsky
2008), random-walk equations (Cortis and Berkowitz 2004; Sha-
piro and Bedrikovetsky 2008, 2010), the mean-field model (Lin
et al. 2009), and numerical network models (Nabzar et al. 1996;
Chauveteau et al. 1998; Bradford et al. 2009). Upscaling or aver-
aging of microscale models results in different versions of the so-
called classical deep-bed filtration models (Herzig et al. 1970;
Tufenkji 2007; Mojarad and Settari 2007, 2008; Bedrikovetsky
2008; Lin et al. 2009; Massoudieh and Ginn 2010). The extensive
literature is devoted to laboratory validation of the models. Yet, to
meet the capture conditions for environmental- and chemical-engi-
neering processes, the laboratory studies have concentrated mostly
on attachment, sedimentation, and diffusive mechanisms. Several
experimental studies include size-exclusion capture, but never as a
dominant capture process (Mays and Hunt 2005; Chupin et al.
2008; Bradford et al. 2009; Zhou et al. 2009; Noubactep and Caré
2010; Richards and Neretnieks 2010; Gitis et al. 2010). To the best
of our knowledge, an experimental validation of size-exclusion
deep-bed filtration models is unavailable in the literature.

In the present work, the size-exclusion population-balance
model for suspension transport in rocks has been modified by tak-
ing into account the porous space accessibility and fractional flow
in inlet and effluent boundary conditions, and also in the expres-
sion for the particle-capture rate. The laboratory tests on size-
exclusion deep-bed filtration have been carried out in the engi-
neered PM. Good agreement between the modeling prediction
and the laboratory data validates the proposed model.

The structure of this paper is as follows. First, the stochastic
micromodel for suspension flow in PM, accounting for straining,
is presented, followed by an analytical solution to the case of low-
retention filtration. Then, the detailed description of experimental
procedures is given. Afterward, we check the fulfillment of the
low-retention assumption under the test conditions and present the
results of the data treatment by the low-retention analytical
model. The comparison between the modified and previous mod-
els is performed by comparing modeling results with experimental
data. The following discussions include the model limitations and
methods to improve the experimental techniques. The assump-
tions state the differences between the modified and previous
models and the results of the experimental model validation.
Then, the latest improvements to the experimental procedure are
highlighted. Afterward, the treatment of experimental data with
the analytical model is presented and analyzed. Finally, some dis-
cussions and conclusions conclude the paper.

Microscale Modeling for Particle Straining

The stochastic modeling of suspension flow in PM, accounting for
straining particle capture, is established in this section. The me-
dium is represented by the model of triangular parallel capillaries
alternated with mixing chambers. The analytical model for low-
retention filtration is derived, and the steady-state solution is
obtained.
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The main assumptions include incompressibility of rock and
particles, 1:1 ratio of plugged pores to strained particles, repulsion
between particles and the matrix, and size exclusion as the only
particle-capture mechanism. Thus, the particles are considered to
be solid.

Basic Parameters and Functions. In this subsection, we define
the essential parameters and functions that form the basis of the
proposed stochastic micromodel.

Packed spherical grains form the engineered PM. Fig. 1 illus-
trates the cross section of a pore throat created by neighboring
tangent grains. The radius of the maximum inscribed sphere rp is
introduced to characterize the pore size. A pore of size rp will
allow a particle of size rs to enter, only if the following condition
is satisfied:

rs < rp: ð1Þ

Accordingly, this type of particle-retention mechanism is termed
as particle straining or size exclusion.

For simplicity, most researchers involved in microscopic-scale
modeling have adopted the shape of a pore throat as being circular
(Sharma and Yortsos 1987a,b,c; Bedrikovetsky 2008). However,
Fig. 1 shows clearly that the pore-throat shape is actually a curvi-
linear triangle. In this study, we take the equilateral triangle having
the maximum inscribed pore-throat radius to better approximate
the curvilinear pore throat.

As shown in Figs. 2a and 2b, the model represents a PM as a
bundle of parallel capillaries with concentration distribution
H(rp,x,t), alternated by a series of chambers with an interval of l,
in which suspended particles are mixed completely and redistrib-
uted (Bedrikovetsky 2008). The geometrical model of a porous
space as a set of parallel capillaries intercalated by mixing is

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Fig. 1—The cross section of a pore throat formed by three tan-
gent spherical grains.
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Fig. 2—Schematic of size-exclusion suspension flow in PM represented by the model of parallel capillaries with mixing chambers:
(a) size-distributed capillaries with triangular cross section; (b) flow through capillaries into mixing chambers; (c) accessible and
inaccessible fractions of pore cross section.
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determined fully by the pore-size distribution (PSD) and the inter-
chamber distance. A suspended particle may only be transported
through a pore with a throat size that is larger than the particle.
After arrival to the chamber from the pore outlets, particles with
different sizes are mixed completely and transported to the entran-
ces of the next bundle of pores. The probability of particles reach-
ing the pores with different sizes is proportional to the carrier
water fluxes in those pores. Whether a particle is captured by a
pore or not is determined solely by the condition that the particle
size is larger or smaller than the pore size. Therefore, all the sus-
pended particles are sieved effectively according to their sizes at
the entrance of each capillary bundle. A dimensionless term, the
jamming ratio j, is defined as the ratio of particle size to pore size:

j ¼ rs

rp
: ð2Þ

The total concentration of pores of all sizes, h(x,t), is defined as
the total number of pores per unit surface area at a distance x and
time t:

hðx; tÞ ¼
ð1

0

Hðrp; x; tÞdrp; ð3Þ

where H(rp,x,t)drp is the concentration of pores with sizes
between rp and rpþ drp.

In a similar manner, the overall concentration of suspended
particles in PM, c(x,t), is defined as the total number of all sus-
pended particles per unit volume of suspension at a certain dis-
tance x and time t, resulting from the integration of concentration
of these particles in terms of rs:

cðx; tÞ ¼
ð1

0

Cðrs; x; tÞdrs; ð4Þ

where C(rs,x,t) is the particle-concentration distribution function.
The concentration distribution of retained particles, R(rs,x,t), is
defined as the number of retained particles, R(rs,x,t)drs, with radii
between rs and rsþ drs. The total concentration of retained par-
ticles, r(x,t), is obtained by

rðx; tÞ ¼
ð1

0

Rðrs; x; tÞdrs: ð5Þ

Because both the particle size and the pore size affect the particle
capture, the retained particle concentration can also be distributed
according to rp. Therefore, we introduce Rðrp; rs; x; tÞas the distri-
bution of retained particle concentration over the pore and particle
radii:

Rðrs; x; tÞ ¼
ð1

0

Rðrp; rs; x; tÞdrp: ð6Þ

The triangular cross-sectional area of a single pore with size rp is

s1ðrpÞ ¼ 3
ffiffiffi
3
p

r2
p : ð7Þ

The accessibility of pore space to a particle with particular size is
restricted by the particle radius. Fig. 2c illustrates the accessible
and inaccessible areas in a single pore. The ratio of the accessible
fraction to the total cross-sectional area is defined as the accessi-
bility factor v( j):

vð jÞ ¼
(
ð1� jÞ2; j < 1

0; j > 1
; ð8Þ

which is the result of calculating the ratio 3
ffiffiffi
3
p
ðrp � rsÞ2=s1ðrpÞ

with Eq. 7.
The accessible porosity is obtained from the total accessible

pore cross-sectional area per unit of the PM cross section:

/a½H; rs� ¼
ð1

rs

s1ðrpÞvð jÞHðrp; x; tÞdrp: ð9Þ

The parentheses are used for the functions of scalar variables, and
the square brackets are used for functional of functions.

The accessible and inaccessible flow fractions, fa and fns,
respectively, are defined as

fa ¼
Ua

U
¼

ð1
rs

k1ðrpÞcð jÞHðrp; x; tÞdrpð1
0

k1ðrpÞHðrp; x; tÞdrp

ð10Þ

and

fns ¼
Uns

U
¼

ðrs

0

k1ðrpÞHðrp; x; tÞdrpð1
0

k1ðrpÞHðrp; x; tÞdrp

; ð11Þ

where k1(rp) is the hydraulic conductance through a single pore
and c( j) is the flux-reduction factor through a single pore.

Let us define the flux reduction factor c as the ratio of the flux
by means of the accessible area of a single triangular pore to the
total flux (Fig. 2c). The explicit formula for conductance of the
triangular pore follows the explicit formula for steady-state flow
of the viscous fluid through a triangular pore (Poiseuille flow); see
Bird et al. (2007).

k1ðrpÞ ¼
9
ffiffiffi
3
p

20
r4

p : ð12Þ

The flux reduction factor is calculated from the Poiseuille flow
formula as a ratio of the conductance of the accessible area to the
overall pore conductance:

cðjÞ ¼
(
ð1� jÞ2 1þ 2j� 1

3
j2 � 4

9
j3

� �
; j < 1

0; j > 1

: ð13Þ

Governing Equations of Suspension Transport in PM. In this
subsection, the governing equations of suspension transport in PM
with derivations are presented briefly. For further details, refer to
earlier publications by Sharma and Yortsos (1987a,b) and Bedri-
kovetsky (2008).

The population-balance equation for colloidal particles in PM
has the following form:

@

@t
f/a½H; rs�Cðrs; x; tÞg þ U

@

@x
fCðrs; x; tÞfa½H; rs�g

¼ � @

@t
Rðrs; x; tÞ; � � � � � � � � � � � � � � � � � � � � � ð14Þ

where the total flux U is independent of the coordinate x because
of the incompressibility of the particulate suspension.

In the following, we derive the equations for kinetics of the
particle capture and consequent pore plugging. The suspended
particle concentration in the accessible fraction is faC(rs,x,t). The
assumption of complete mixing between capillary bundles indi-
cates that colloidal particles are presented randomly to a pore
throat, and there exists no preference for a colloidal particle to a
particular throat. Therefore, the number of rs particles arriving
from the chambers to pores with size rp by the flow per unit vol-
ume during the time interval Dt is

1

l
q1ðrpÞHðrp; x; tÞCðrs; x; tÞfa½H; rs�Dt; ð15Þ

where q1 is the flow rate in a single pore. Under the particle/grain
repulsion condition, particles are not captured in the inaccessible
portion of larger pores. Instead, they are redirected and enter the
accessible pore space. Thus, the suspended particles are captured
by smaller pores only. The probability for a particle to be captured
is equal to the flow fraction by means of small inaccessible pores,
fns.
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. . . .

. . . . . . . . . . . . .

622 August 2013 SPE Journal



The retention rate of particles with size rs being captured by
pores with size rp(rp< rs) is equal to the overall particle flux from
the chambers into these small pores:

@Rðrp; rs; x; tÞ
@t

¼ 1

l
q1ðrpÞHðrp; x; tÞCðrs; x; tÞfa½H; rs�: ð16Þ

Integration of Eq. 16 into rp for all smaller pores leads to the
equation for the particle-retention rate with size rs:

@Rðrs; x; tÞ
@t

¼ 1

l
UCðrs; x; tÞfa½H; rs� fns½H; rs�: ð17Þ

The rate of pore plugging with size rp because of particle cap-
ture is equal to the overall flux of larger particles flowing into rp

pores from chambers:

@Hðrp; x; tÞ
@t

¼ � k1ðrpÞ
k

UHðrp; x; tÞ
ð1

rp

Cðrs; x; tÞfa½H; rs�drs;

� � � � � � � � � � � � � � � � � � � ð18Þ

which results from the assumption that one retained particle plugs
one pore.

Substituting the retention-rate equation (Eq. 17) into the popu-
lation-balance equation (Eq. 14) yields

@

@t
f/a½H; rs�Cðrs; x; tÞg þ U

@

@x
fCðrs; x; tÞfa½H; rs�g

¼ � 1

l
UCðrs; x; tÞfa½H; rs� fns½H; rs�: � � � � � � � � � � ð19Þ

The system of two equations (Eqs. 18 and 19) for two unknowns
describes the size-exclusion deep-bed filtration process. The ini-
tial conditions for the clean bed include zero suspension concen-
tration and initial uniform PSD for pores:

t ¼ 0 : Cðrs; x; 0Þ ¼ 0; Hðrp; x; 0Þ ¼ H0ðrpÞ: ð20Þ

The boundary condition at the inlet states that the suspension flux
entering larger pores with the injected concentration is equal to
the suspension flux transported by water in accessible pore space:

x ¼ 0 : C0ðrs; tÞffa½H; rs� þ fnl½H; rs�gU
¼ Cðrs; 0; tÞfa½H; rs�U: � � � � � � � � � � � � � � � � � � � ð21Þ

Eq. 21 indicates that the post-inlet concentration exceeds the
injected-particle concentration.

Analytical Solution for Low-Retention Filtration. Low-reten-
tion filtration takes place at short-term injection, at injection of
diluted suspension, or when there is a small filtration coefficient
(small particle size). In all these cases, the retained particle concen-
tration is negligible compared with the vacant-pore concentration.
Hence, the pore concentration remains intact during this process. Eq.
19 is simplified to an ordinary-differential equation for steady state:

U
d

dx
fCðrs; xÞfa½H; rs�g ¼ �

1

l
UCðrs; xÞfa½H; rs� fns½H; rs�:

� � � � � � � � � � � � � � � � � � � ð22Þ

The fractional-flow functions in Eq. 22 depend only on particle
size because of constant PSD during injection [i.e., H(rp,x,t)¼
H0(rp)]. Therefore, Eq. 22 can be solved independently for each
particle size, which implies that particles with different sizes per-
colate independently and deposit as a group of monodisperse sus-
pensions. Hence, the governing equation (Eq. 22) becomes

dCðrs; xÞ
dx

¼ � 1

l
fnsðrsÞCðrs; xÞ; ð23Þ

with the boundary condition

Cðrs; 0Þ ¼
C0ðrsÞ½ faðrsÞ þ fnlðrsÞ�

faðrsÞ
: ð24Þ

The solution to this ordinary differential equation is named the
preoutlet particle concentration:

Cðrs; xÞ ¼
C0ðrsÞ½ faðrsÞ þ fnlðrsÞ�

faðrsÞ
exp �fnsðrsÞ

x

l

h i
: ð25Þ

We define CL(rs) as the outlet particle concentration [also called
the breakthrough or effluent concentration (they are equivalent in
this work)], which is measured from the collected sample at the
outlet. Because the preoutlet suspension flux is diluted in the over-
all water flux after passing the core outlet, we have

Cðrs;LÞfaðrsÞU ¼ CLðrsÞU: ð26Þ

Eqs. 25 and 26 lead to the relationship between the measured par-
ticle concentrations at the outlet and inlet:

CLðrsÞ ¼ C0ðrsÞ½ faðrsÞ þ fnlðrsÞ�exp �fnsðrsÞ
L

l

� �
: ð27Þ

As shown in Eq. 27, the larger particle size results in the
higher flow fraction by means of inaccessible small pores ( fns),
the lower flow fraction by means of large pores ( faþ fnl), and,
finally, the lower outlet concentration CL. When the particle size
reaches the maximum pore size, the outlet concentration vanishes
because the flow fraction by means of large pores drops to zero.

Experimental Study on Size-Exclusion
Suspension Transport

In this section, the experimental conditions of particle/particle
and particle/grain repulsion, leading to the absence of particle
retention by attachment to the porous matrix, are adopted from a
previous study (Chalk et al. 2011). For a given grain and colloid
material, the repulsion conditions can be achieved by regulating
water pH and salinity (Nabzar et al. 1996; Takahashi and Kovscek
2010). These conditions are then implemented during suspension
injection through the column packed with an engineered PM.

Materials. Colloidal Suspensions. Chemistry of colloidal sus-
pension is very important when studying particulate flow through
PM. Variation of salinity and pH in colloidal suspension affects
the particle capture/release by PM significantly. In the present
study, colloidal particle capture caused by exclusive straining at
pore throats is investigated. Chemical compositions of water,
grain, and particle coatings provide unfavorable experimental
conditions for the particle/particle and particle/grain attraction, so
there is no deposition and formation of retained particle structures
on the PM skeleton.

Spherical colloidal polystyrene latex particles (Polysciences
Inc., Warrington, Pennsylvania, USA) are covered with carboxyl
functional groups (R-COOH), giving them the net negative charge
that results in mutual particle repulsion. This charge not only pre-
vents particles from coagulation, but results in repulsion with
glass beads (engineered PM) because of the reduction of electro-
static attraction forces (see the next subsection). Tables 1 and 2
list the sizes of the colloidal particles used in the present study.
Earlier experiments (Chalk et al. 2011), with a single layer of

. . .

. . . . . . . .

. . . . . .

. . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . .

. . . . .

TABLE 1—MEAN RADIUS hrsi OF COLLOIDAL PARTICLES

FOR PM1

Type of Particles hrsi, lm

1 0.886

2 1.032

3 1.568

4 2.179

5 3.165
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glass beads, determined the optimum conditions leading to the
repulsion between particles and glass beads and, therefore, to col-
loidal particle capture because of pure straining at pore throats—
zero salinity of water and alkaline nature of colloidal suspension
of pH � 10.

The total number of colloidal particles in suspension is chosen
so as to reduce the competition between particles entering a pore.
In the present experiments, particle concentrations vary from 0.5
to 2.0 ppm.

Engineered PM. The porous column was designed to repro-
duce the conditions of sandstone reservoirs. Silica (SiO2) is the
major component of sandstones; therefore, spherical glass beads
(Ballotini Bead, Potters Industries Pty. Ltd., Australia) have been
chosen as engineered PM for the current experimental program.
These beads have the following chemical composition by weight:
72.0% SiO2, 15.0% Na2O, 7.0% CaO, 4.2% MgO, 0.4% Fe2O3,
and 0.3% Al2O3.

In alkaline solutions with pH of approximately 11, metal
oxides presented on the surface of glass beads are charged nega-
tively, thus giving negativity to the net surface charge of glass
beads (Kuznar and Elimelech 2007). According to the Derjaguin,
Landau, Verwey, and Overbeek (DLVO) theory (Landau and Lif-
shitz 1980; Tufenkji and Elimelech 2004, 2005), carboxyl-coated
latex colloidal particles and glass beads in such alkaline suspen-
sions repulse each other because both have surface-negative
charges, resulting in particle/grain repulsion and particle straining
as the only mechanism of particle capture.

Reusage of glass beads after contact with colloidal suspensions
can reduce preparation time significantly for the next experiments.
We observed, however, that after 17 washes with demonized
ultrapure MilliQ water (resistivity of 18 MX�cm at 25�C) at
pH � 10 (one wash is equivalent to 1 L of MilliQ water per 150 g
of glass beads), colloids were still present in MilliQ water super-
natant in appreciable amounts because only approximately 83%
of the particles were removed. Therefore, to improve the reliabil-
ity and repeatability of experimental data, freshly prepared and
washed glass beads were used for each test.

The manufacturer supplied glass beads with radius rg ranging
from 15 to 62.5 lm. These beads were sieved using stainless steel
sieves (Callout 1 in Fig. 3a) with apertures of 30 and 63 lm, giv-
ing the range of bead-particle radius from 15 to 31.5 lm. Glass-
bead sieving was carried out in an ultrasonic bath (Callout 2),
resulting in the following improvements compared with those
from the previous work (Chalk et al. 2011): time of sieving was
reduced by 4 times and a higher yield in sieved glass beads and a
more efficient usage of glass beads were achieved. The determina-
tion of size distribution of thus prepared glass beads was carried
out using Malvern Mastersizer 2000 Particle Counter (Malvern
Instruments Limited, Worcestershire, UK). Because the results of
particle-size distribution using manual sieving and ultrasound
bath are almost identical, the latter procedure is preferred over the
former because of the advantages mentioned in the preceding.

Before the flow experiments, glass beads were washed care-
fully with n-hexane, acetone, MilliQ water, and 0.5M HCl to
adjust the pH of MilliQ supernatant to approximately 7–7.5.

Experimental Setup and Procedure. The procedure for the
challenging coreflood testing is illustrated in Fig. 3a, and a photo-
graph of the set of devices is found in Fig. 3b. Detailed descrip-

tion of the experimental method for particle retention caused by
pure straining in engineered PM was presented earlier (Chalk
et al. 2011). In the following, we discuss the major components of
the setup and experimental procedure, together with recently
introduced improvements.

The flow through a plastic column (Callout 3 in Fig. 3a and
Chalk et al. 2011) was modified by reducing inlet and outlet dead
volumes to 14.831 and 9.032 cm3, respectively. Glass beads (Cal-
lout 4) were packed in this column at wet conditions with a theo-
retical porosity of 39.6%. Sonification of wetted glass beads in the
column resulted in a more homogeneous packing. Every effort
was made to prevent the ingress of air into the packed column,
which can alter particle flow/capture significantly through an
engineered PM.

A modified NE-100 dual-pump/syringe system (Callout 5; New
Era Pump Systems Inc., Farmingdale, NY, USA) provided pulse-
less delivery of colloidal suspension (Callout 6) through the packed
column by means of a system of nonreturn valves (Callouts 7
through 10 in Fig. 3a). This system can operate unattended for sev-
eral days, which is an improvement from the previous design
(Chalk et al. 2011). The volume of plastic syringes used was
60 mL, with an internal diameter of 29.15 mm. Colloidal suspen-
sion through a packed column was delivered with a volumetric
flow rate of 2 mL/min, equivalent to an interstitial velocity of
5�10–5 m/s.

Colloidal suspensions were collected in sampling vials (Cal-
lout 11) at predetermined time intervals after passing through the
packed column. Masses of suspension samples were measured by
an analytical balance (Callout 12; KERN EW 420-3NM, Inscale
Ltd., Bucks, UK) with an accuracy of 60.005 g, and sample vol-
umes were determined by means of density of colloidal suspen-
sions. Concentrations of initial colloidal suspension and column
outlet streams were determined by a PAMAS S4031 GO portable
particle counter (Callout 13; PAMAS GmbH, Salzuflen, Ger-
many). Although the manufacturer of the PAMAS particle counter
did not provide the value of accuracy in particle-number counting
across various particle-size distributions, we have determined the
repeatability in determination of concentrations of all particles
listed in Table 1 from 10 consecutive measurements of the same
colloidal suspension. The obtained values of the standard devia-
tion varied from 0.46 to 2.89%, which can be regarded as the in-
herent precision of the PAMAS particle counter because it is a
component of precision and accuracy according to National Insti-
tute of Standards and Technology guidelines (Taylor and Kuyatt
1994). Because the particle counter delivers results of particle
number over the chosen size-distribution range, in all our consec-
utive calculations, we used values of colloidal particle radii calcu-
lated as weighted mean values, which are more representative
than a mean value supplied by the colloidal particle manufacturer.
After particle counting, suspensions were filtered through a 0.45-
lm filter (Callout 14) and disposed of according to the regulations
of the Australian Environmental Protection Authority.

Because the value of precision for the data delivered by the
PAMAS particle counter is known, we have used this value as an in-
dicator to determine if the concentration of the outlet colloidal solu-
tion was stabilized: If concentrations of the two consecutive effluent
samples differ from each other by the value of less than the inherent
precision of the PAMAS particle counter for that particle size, then
the flow-through experiment stops; otherwise, it continues.

Colloid concentrations can be measured by online ultraviolet-
visible (UV-VIS) spectrophotometers or combined particle coun-
ters/particle sizers. The application of spectrophotometers translates
to the collection of a significant amount of colloid-concentration
data, which is limited only by the properties of the data-acquisition
system. Although the number of experimental points increases in
this case, most of them are redundant because their availability
does not improve the accuracy of the consecutive calculations.
Spectrophotometers should be calibrated before concentration
measurements. This is achieved through the preparation of several
calibrating solutions involving dilutions of a standard colloidal
suspension supplied by a manufacturer. The manufacturer

TABLE 2—MEAN RADIUS hrsi OF COLLOIDAL PARTICLES

FOR PM2

Type of Particles hrsi, lm

1 1.568

2 2.179

3 3.165

4 4.538
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measures concentration of the standard colloidal suspension using
a particle counter/particle sizer. Therefore, uncertainty of the con-
centration of the standard colloidal suspension depends on the ac-
curacy of such an instrument. Each dilution introduces additional
uncertainty into concentration values, the former being dependent
on the accuracy of the volumetric device (such as micro- or milli-
pipettes) and on the skills of the operator. Moreover, each spectro-
photometer has its own accuracy. Thus, colloidal-concentration
value delivered by a spectrophotometer incorporates uncertainties
of a particle sizer because of dilution and of a spectrophotometer.

In our approach, the application of the PAMAS particle coun-
ter/particle sizer with a carefully established sampling procedure
(e.g., number of samples, sampling time intervals, sampling vol-
umes, measuring masses of effluent samples) resulted in the col-
lection of fewer experimental data that were, however, sufficient
for the accurate evaluation of the breakthrough curves. Moreover,
experimental uncertainties of initial and effluent colloidal-suspen-
sion concentrations are determined only by the uncertainty of the
PAMAS particle counter, and, therefore, are more accurate than
those delivered by UV-VIS spectrophotometer.
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Fig. 3—Experimental setup of size-exclusion suspension transport in PM: (a) schematic and (b) photograph.
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Data Analysis for the Laboratory Tests and
Modeling Results

In this section, we examine whether the condition of low-retention
filtration leading to a simple analytical solution (Eq. 27) is satis-
fied during the laboratory tests. Subsequently, the results obtained
from the suspension injection tests are treated by the proposed an-
alytical model.

Validation of the Low-Retention Assumption. The low-reten-
tion assumption of the analytical model (see Analytical Solution
for Low-Retention Filtration subsection) is valid,if the vacant-
pore concentration is much higher than the concentration of
retained particles (i.e., the variation of PSD during particle strain-
ing in the PM is negligible). This occurs when

rðx; tÞ � hðx; tÞ: ð28Þ

In the case of the performed test, the concentration of vacant
pores is h¼ pNp/V, where Np is the number of pores, V is the vol-
ume of the column, and p is the fraction of vacant pores. The
number of packed grains is Ng ¼ ð1� /ÞV=ð4pr3

g=3Þ, where / is
the porosity. For an assumed close and dense grain packing
(rhombohedral) in the column, each pore is formed by four grains
and each grain is surrounded by eight pores. Hence, Np¼ 2Ng:

Np ¼ ð1� /ÞV=ð2pr3
g=3Þ: ð29Þ

The suspended concentration is smaller than the injected one
c(x,t)< c0; the retained particle concentration is limited by
r(x,t)¼ kc(x,t)Ut 	 kc0Ut. Let us define the dimensionless time
as tD ¼ tU=/L; calculated in pore volumes of injected suspen-
sion. The injected concentration c0 measured in the number of
particles per volume of suspension (number concentration) is
equivalent to the volumetric concentration measured in ppm di-
vided by the particle volume, ð4� 106pr3

s =3Þ. From Eqs. 28 and
29, the following condition is derived:

kc0tDL/

2� 106 � pð1� /Þ
rg

rs

� �3

� 1: ð30Þ

It is worth noting that the product kc0tD in the numerator of Eq.
30 indicates that the low-retention case corresponds to one of the
following: low injected concentration, short injection time, or
small filtration coefficient.

The typical values of the parameters in our experiment are
c0¼ 2 ppm, /¼ 0.4, the measured particle size rs¼ 3.165 lm, the
grain size rg¼ 40 lm, the fraction of thinner pores p¼ 0.3, and
tD¼ 5 pore volumes injected (PVI), which result in the value

0.017 (the left-hand side of Eq. 30). So, the low-retention condi-
tion (Eq. 30) is fulfilled.

Experimental-Data Treatment. The analytical model (Eq. 27)
can be applied to calculate the recovered breakthrough concentra-
tions for particles with different sizes injected into the porous
column:

CLðrsÞ
C0ðrsÞ

¼ ½1� fnsðrsÞ�exp �fnsðrsÞ
L

l

� �
: ð31Þ

Here, the equivalent term 1 – fns substitutes the fractional flux by
means of large pores faþ fnl.

From the experiment, the inlet and outlet concentrations
C0(rsi) and CL(rsi), respectively, are measured for each test (here,
i¼ 1, 2, …, n). The pore sizes obey the log-normal distribution
with mean pore radius hrpi and standard deviation ro. The frac-
tional-flow function fns is calculated using Eq. 11, and then the
outlet concentration can be obtained from the model (Eq. 31).
Finally, n tests result in the system of n transcendental equations
for three unknowns—mean pore radius, standard deviation, and
dimensionless interchamber distance. The least-squares method is
applied to find the solution by minimizing the total quadratic devi-
ation between the experimental data and those predicted by the
model:

R¼ min
hrpi;r0 ;l=L

Xn

i¼1
½1� fnsðrsiÞ�exp �fnsðrsiÞ

L

l

� �
�CLðrsiÞ

C0ðrsiÞ

� �2

;

� � � � � � � � � � � � � � � � � � � ð32Þ

where R is the value of the residual.
For PM1, with glass beads ranging in size from approximately

15 to 31.5 lm, the optimized mean pore size is 3.13 lm, the
standard deviation is 2.06 lm, and the interchamber distance is
0.36 mm. For PM2, with glass beads ranging in size from approxi-
mately 15 to 62.5 lm, the mean pore size is 5.39 lm, the standard
deviation is 3.84 lm, and the interchamber distance is 0.06 mm.
The results are shown in Figs. 4 and 5 for PM1 and Fig. 6 for
PM2.

The relationship between the breakthrough concentration and
inaccessible flow fraction is shown in Fig. 4, in which the continu-
ous curve is obtained from the analytical model (Eq. 31) and the
points represent the experimental data. The breakthrough con-
centration decreases dramatically with the fractional flux ( fns)
because the increase in particle size leads to the larger flow
fraction by means of inaccessible small pores, which raises the
particle-capture rate significantly and lowers the breakthrough
concentration.

Fig. 5a shows the breakthrough curves of PM1 from the injec-
tion of monosized particles with the radii listed in Table 1. The
stabilized outlet concentrations agree well with the model-pre-
dicted values for particles with different sizes. In Fig. 5b, the nor-
malized outlet concentration vs. the jamming ratio is presented.
The stabilized values of breakthrough concentrations in all tests
are adopted as CL values. As shown in Fig. 5b, the five labora-
tory-test data points match very well with the modeling curve, as
obtained from Eq. 31.

The breakthrough curves for PM2 from the injection of mono-
sized particles (Table 2) are shown in Fig. 6a. For the four differ-
ent sized particles, the stabilized outlet concentrations from the
experiments are in agreement with those from the model calcula-
tion. The normalized outlet concentration vs. jamming ratio is
presented in Fig. 6b. It is observed that the four laboratory-test
data points match very well with the curve obtained from the
model (Eq. 31).

A sensitivity analysis for the three parameters in the model
was performed, and the results are shown in Figs. 7 through 9
and Table 3. Fig. 7 illustrates the sensitivity of the outlet concen-
tration to the mean pore radius hrpi. Increase of hrpi leads to a
lower jamming ratio, with the same particle size and a lower parti-
cle concentration, CL/C0. In Fig. 8, the variation of standard
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Fig. 4—Effect of fractional flow by means of small pores (fns) on
normalized breakthrough concentration.
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deviation r0 to the same degree (20%) yields a smaller change in
the particle concentration compared with the variation of hrpi in
Fig. 7. In contrast, 20% variation of the interchamber distance l/L
results in the smallest change in particle concentration (Fig. 9),
which means it is the least sensitive parameter among the three.
Table 3 provides the quantitative results measured by the values
of residual R, which confirm that the mean pore radius is the most
sensitive parameter and the interchamber distance is the least.

Comparison Between the Modified and Classical Deep-Bed

Filtration Models. The classical deep-bed filtration model does
not account for inlet concentration increase caused by redirecting
all particles entering larger pores into the accessible fraction of
large pores:

x ¼ 0 : C ¼ C0: ð33Þ

The capture probability is equal to the fractional flow through
small pores ( fns). Performing calculations similar to Eqs. 22
through 27 yields the following expression for the outlet
concentration:

CLðrsÞ
C0ðrsÞ

¼ exp � fnsðrsÞL
faðrsÞl

� �
: ð34Þ

The classical deep-bed filtration model does not account for the
outlet concentration decrease because of “dilution” of the flux,
transported from PM by accessible flux in the overall water flux
downstream of the core. Therefore, Eq. 34 is indeed the concen-
tration measured at the core effluent. This model is currently used
for colloidal-filtration-data treatment (Bailey et al. 2000; Buret
et al. 2010).

Models (Eqs. 31 and 34) for the ratio of the inlet concentration
to the outlet concentration differ by the term of multiplier (1 – fns)
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and the term under the exponent, 1/fa. Both terms equal unity for
particles smaller than the minimum pore radius. Therefore, both
the models (Eqs. 31 and 34) coincide for rs< rpmin. Both terms
tend to zero for particles larger than the maximum pore radius.
Therefore, for j¼ 1, the right-hand side of each formula tends to
be zero (i.e., the models also coincide).

For intermediate particle sizes, taking off the term (1 – fns)
from Eq. 31 increases the right-hand side. Yet, dividing the term
fa under the exponent yields the decrease of the right-hand side of
Eq. 34. Therefore, it is impossible to claim a priori how the model
modifications change the solution. Plots in Figs. 5b and 7b show
that the deviation between the two models can be expected for
particles with intermediate values of jamming ratio.

Figs. 5b and 7b also show the experimental points of the nor-
malized outlet concentrations for continuous short-term injections
of particles with different sizes (star points) and the curves CL/
C0( j), as obtained from the modified model (Eq. 31), by tuning
the laboratory test data. The dashed curve is obtained from the

model (Eq. 34). As it is shown, the modification of the inlet and
outlet boundary conditions and accounting for fractional flow by
means of accessible porous space in the particle-capture term can
change the prediction of the curve CL/C0( j) significantly.

The normalized concentrations of suspended particles along
the core for small- and large-sized colloids are shown in Figs. 10a
and 10b, respectively. The blue continuous curves are generated
from the present model (Eq. 31), while the red dashed curves are
from the previous model (Eq. 34). It is clear that the modified
model predicts the concentration jump-up at the inlet and jump-
down at the outlet, while the previous model does not. Further-
more, the concentration curve is almost linear for small-sized par-
ticles because of the small value of fns. For large particles, the
exponential function takes effect, and the concentration decreases
nonlinearly along the distance. Finally, both models result in
almost the same outlet concentration for small-sized particles (CL/
C0¼ 0.997 for rs¼ 0.866 lm in Fig. 10a), but differ for large
particles (rs¼ 2.179 lm in Fig. 10b); the modified model leads to
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CL/C0¼ 0.44, and the previous model results in CL/C0¼ 0.34.
This can also be observed in Fig. 5b.

Estimates of the Penetration Depth. Let us estimate the pene-
tration depth of particles injected into the vertical openhole well.

The penetration depth is an average of the current radius r in the
penetrated zone, with weight equal to the concentration C(r,t).
Repeating the calculations as performed in Herzig et al. (1970)
and Nunes et al. (2010) for the classical solution (Eq. 34) and
using the modified solution (Eq. 31) for the axisymmetric flow,
we obtain the following formula:

hriðrsÞ ¼
l

fafnsðrsÞ
: ð35Þ

Fig. 11 presents the penetration depths of injected particles as
a function of the particle/pore-jamming ratio. The calculations
have been performed using the PSDs obtained from the suspen-
sion-injection tests with PM1 and PM2. The continuous curves
correspond to the modified model (Eq. 31), while the dashed
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TABLE 3—SENSITIVITY ANALYSIS FOR THE THREE

PARAMETERS IN THE MODEL

Residual R for

Three Cases

hrpi
hrpi1

hr0i
hr0i1

hl=Li
hl=Li1

1.0 1.35�10–2 1.35�10–2 1.35�10–2

1.2 6.51�10–2 3.93�10–2 2.69�10–2

0.8 4.75�10–2 3.57�10–2 2.29�10–2
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curves show the results for the classical solution (Eq. 34). The ex-
perimental points lie on the continuous curves. The greater the
particle size, the lesser the penetration depth. Because the mean
pore-throat size is proportional to the square root of permeability,
one concludes from Fig. 11 that the greater the permeability, the
longer the mean particle penetration into the reservoir.

These data may be useful for particle sizing in drilling fluid
(Bailey et al. 2000), for interpretation of logging data in drilling-
fluid invasion into layer-cake formations (Tiab and Donaldson
2004), and for filtering of injected water (Pang and Sharma 1997).
The results allow estimation of the extent of the formation-
damage zone for design of well acidizing or reperforation.

Discussions

Even though the validation of the developed basic model and the
analytical solution is successful, more-comprehensive research is
needed to improve the model and the solution before recommen-
dation for practical applications in petroleum technologies. Sev-
eral potential improvements are discussed in this section.

The PM in the proposed analytical model is represented by a
set of parallel capillaries intercalated by mixing chambers. How-
ever, it represents a simplified description of the pore-space
geometry. More-sophisticated numerical network models or ana-
lytical percolation and effective media models would describe the
topology of the pore network better.

The analytical model is developed under the assumption of
low-retention filtration. It is a first-order asymptotic expansion of
the solution with respect to the small parameter of retained parti-

cle concentration. In the present study, the ratio of the total num-
ber of retained particles to the vacant pores is kept below 0.1
throughout the tests to ensure that the conditions of particle cap-
ture, including the capture probability, remain the same during the
overall injection period. The assumption of low-retention filtra-
tion is fulfilled during the injection process in the experiment.
However, the maximum injection time is confined by this low-
retention feature. Derivation of higher-order asymptotic expan-
sions may describe the longer-term process with higher retention
concentration. Another possible improvement is the numerical so-
lution of the population-balance equations (Eqs. 18 through 21)
for long-term injection processes.

The effect of the inlet concentration increase is almost com-
pensated by the effluent accessible flux dissolution in the overall
water flux downstream of the porous column (Fig. 10b), which
leads to a relatively small deviation between the concentration
profiles, as obtained by the modified and previous models under
the low-retention conditions. The situation may change for high-
retention concentrations, in which the fractional flows are alter-
nated at the inlet much more than at the effluent. Another case of
large deviations between the modified and previous models is a
colloidal pulse injection of large particles, in which the introduc-
tion of a small fa term in the right-hand side of Eq. 19 results in
significantly lower particle retention if compared with the previ-
ous model in which the fractional flow for accessible flux was not
accounted for.

The derived mathematical model (Eqs. 18 though 21)
describes suspension flow in PM with complex pore-space geome-
try. Two characteristic features of the flow in natural rocks are
incorporated in the model:

 Independent flow of particles in larger pores

 Particle capture in capillary junctions in which the independ-

ent fluxes mix
The first feature is described by the particle flow in parallel capil-
lary bundles between the mixing chambers. The mixing occurs in
chambers; the capture takes place at the chamber exit after the
mixing, describing the second feature. Separation of the two fea-
tures allows derivation of the closed system of equations (Eqs. 18
and 19), while the general suspension flow in PM is described by
network modeling (Sharma and Yortsos 1987a,b,c). Characteriza-
tion of real reservoir rock using the population-balance model
(Eqs. 18 and 19) includes determination of the initial PSD
H(rp,x,0) and the interchamber distance l.

In this paper, validation of the model has been achieved by
comparison with laboratory tests on the spherical particle suspen-
sions through the glass-bead-packed porous column. The narrow
PSD was achieved in the present study. Further validation must
be performed for PM with larger variance coefficient for grain
sizes. The next step must include colloid injections into natural
reservoir cores.
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Additional validation of the proposed model can be performed
by measuring the retention profile (see Ali et al. 2009; Saraf et al.
2010). Yet, the experimental technique involving a computer-to-
mography (CT) scanner becomes much more complex than that
used in the presented study. Also, only the bulk of the deposit can
be determined by CT; different-sized particles in the retained vol-
ume cannot be distinguished.

The optimization-based matching of the experimental results
shows that the data points are tuned well by the predicted curve
generated from the theoretical model. Good agreement on the
breakthrough concentrations between the experimental data and
analytical-modeling results has been observed. Nevertheless, the
amount and the range of experimental data have been circum-
scribed by the quite limited sizes of colloidal particles and glass
beads that are readily available on the market. Preferably, more
data points are needed to improve the reliability of optimizing the
three model parameters: the mean radius, the standard deviation,
and the interchamber distance.

The proposed model assumes the triangular pore-throat shape
only. However, there may exist some caverns that cannot be
plugged by particles in the hexagonal mode for a given grain-size
distribution. More-complex pore-throat shapes, formed by four or
more grains, could be taken into account in a more advanced
model.

The proposed model estimates the approximate size of the for-
mation-damage zone, which is useful for drilling, logging, and
water injection. It assists in interpretation of logging data on fil-
trate invasion into oil- or gas-bearing formations, in particle sizing
in drilling fluids, and in the design of injection-water filtering. It
is also useful for determining the perforation lengths and the
amount of injected acid with well stimulation. More-rigorous cal-
culations would involve the development of the model for the
permeability reduction by the retained different-sized particles.
Despite serious attempts in this area (Pang and Sharma 1997;
Mojarad and Settari 2007, 2008), such a model is unavailable at
this time.

Mathematical modeling of emulsion flow in PM adds the
effects of drops deformation and span-off to the model for suspen-
sion flow of solid particles. It would allow describing injectivity
decline during produced-water reinjection (Rousseau et al. 2008;
Ali et al. 2009; Buret et al. 2010).

Conclusions

The proposed stochastic model for particle-size exclusion deep-
bed filtration differs from the previous models in the following
aspects:
1. Introduction of the post-inlet particle concentration: The rela-

tionship between the particle concentration in the injected sus-
pension and that at the PM entrance reflects particle capture in
smaller pores and their passage by means of the accessible
fraction of larger pores.

2. Introduction of the preoutlet particle concentration: The rela-
tionship between the suspended particle concentration at the
outlet and that in the produced suspension reflects the particles
carried by the accessible flux in situ and dissolved by the over-
all flux downstream of the PM.

3. Accounting for the particle-capture rate proportional to the ac-
cessible suspension flux.

The presented model shows a good agreement with laboratory
data. The previous population-balance model shows a greater
deviation of the prediction curves from the experimental data than
the proposed model.

The sensitivity analysis of the model with respect to mean
pore radius, standard deviation, and interchamber distance shows
that the mean pore radius hrpi has the largest effect on the result-
ing particle concentration CL/C0, the effect of standard devia-
tion r0 is smaller compared with that of the mean pore radius, and
the interchamber distance l/L is the least sensitive parameter.

Several improvements to the experimental setup have been
implemented in the present study: Sieving of glass beads in the ul-
trasonic bath results in a reduced bead-sieving time and more-

reproducible particle-size distribution, and the application of a
dual-syringe-pump system leads to continuous pulseless colloidal-
suspension pumping.

Nomenclature

c ¼ total concentration of suspended particles, m–3

c0 ¼ injected concentration of suspended particles, m–3

C ¼ concentration distribution of suspended particles, m–4

C0 ¼ inlet concentration distribution of suspended particles, m–4

CL ¼ outlet concentration distribution of suspended particles,
m–4

fa ¼ accessible flow fraction
fnl ¼ inaccessible flow fraction in large pores
fns ¼ inaccessible flow fraction in small pores
h ¼ total concentration of pores, m–2

H ¼ concentration distribution of pores, m–3

j ¼ jamming ratio
k1 ¼ pore conductance, m4

k1a ¼ accessible pore conductance, m4

l ¼ interchamber distance, m
L ¼ length scale, m

Ng ¼ number of packed grains
Np ¼ number of pores

p ¼ fraction of vacant pores
q1 ¼ flow rate in a single pore, m3/s
rg ¼ grain radius, m
rp ¼ pore radius, m
rs ¼ particle radius, m
R ¼ residual value
s1 ¼ cross-sectional area of pore throat, m2

t ¼ time, seconds
U ¼ total flux, m/s
V ¼ column volume, m3

x ¼ coordinate, m
c ¼ flux reduction factor in a single pore
r ¼ total retained particle concentration, m–3

r0 ¼ standard deviation for PSD, m
R ¼ retained particle concentration distribution, m–4

/ ¼ porosity
/a ¼ accessible porosity
v ¼ area accessibility fraction
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