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Formation of low permeable external filter cake during drilling and water injection has been widely
reported in the literature. It may cause significant decrease in well index. The process is very sensitive to
size distribution of injected particles. We propose a new mathematical model for cake formation with
deep bed filtration for two-particle-size injection. The basic equations account for three stages:
formation of cake from large particles with simultaneous deep bed filtration of small particles; small
particle capture in the cake with formation of the internal cake inside the external cake; build-up of the
uniform cake from the mixture of two-size particles. The analytical model is derived for three stages.
Two regimes of the cake formation are identified, which correspond to the high and low concentrations
of injected small particles. The laboratory coreflood with two-particle-size suspension injection with
monitoring the rate and pressure drop along the core is performed. The matched mathematical model

Analytical solution

shows good agreement with the laboratory data.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Deep bed filtration and external filter cake formation are
common phenomena encountered in the petroleum industry,
which may lead to severe permeability decline and formation
damage (Ghalambor and Economides, 2002; Ding et al., 2004;
Ding and Renard, 2005; Ding et al., 2006; Wagner et al., 2006;
Civan, 2007; Dalmazzone et al., 2007; Quintero et al., 2007; Ding
et al., 2008; Salimi et al., 2009; Lohne et al., 2010; Karimi et al.,
2011). During drilling, completion or produced water reinjection,
fluids carrying suspended particles enter the wellbore. Due to the
pressure difference between the wellbore and the reservoir
formation (the pressure in the well is higher than that of the
formation during the overbalanced drilling), the fluid penetrates
into the formation. Particles suspended in the fluid with sizes
larger than the pore throats in the formation may accumulate on
the wellbore surface, forming a cake. This process is known as the
external cake formation (Ruth, 1935; Ochi et al., 1999; Parn-anurak
and Engler, 2005; Ochi et al., 2007; Windarto et al., 2011; Ytrehus
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et al., 2013). However, those fine particles smaller than the pore
throats of external cake may pass through the cake and penetrate
into the formation. During the filtration, the solid particles
suspended in the carrier fluid may be separated from the liquid
phase due to several different mechanisms, such as gravity,
Brownian motion, size exclusion, etc. (Ochi and Vernoux, 1999;
Shapiro et al., 2007; Yuan and Shapiro, 2011; You et al., 2013; Yuan
et al., 2013). The process of suspension transport in porous media
accompanied by particle capture in the pores is called deep bed
filtration (Payatakes et al., 1974; Pang and Sharma, 1997; Khilar
and Fogler, 1998; Bedrikovetsky, 2008; You et al., 2014).

The classical deep bed filtration (DBF) model developed by
Herzig et al. (1970) consists of two equations—one for particle
population balance and the other for particle capture kinetics. The
macro scale functions including suspended and retained particle
concentrations and the filtration coefficient as a function of
retained concentration are introduced into the model. Analytical
solutions to the direct problems for model prediction (Herzig et al.,
1970) and to the inverse problems for parameter determination
(Wennberg and Sharma, 1997; Bedrikovetsky et al., 2001) have
been obtained. This model has shown a good agreement with
experimental data and has been used to predict the well injectivity
decline based on the experimental core flood data.
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Nomenclature

L core length, m

Is small particle radius, m

n large particle radius, m

A initial total particle concentration, ppm

9 initial large particle concentration, ppm

A3 initial small particle concentration, ppm

D, particle diameter, m

D3 speed of mixture cake growth

] impedance

km(0)  initial core permeability, m?

Kec12 permeability of external cake filled by internal cake of
small particles, m?

R ratio of external cake porosity and core porosity

APecq pressure drop between the fronts of external and

internal cake, Pa

APec pressure drop between the front of internal cake and
the core inlet, Pa

AP, pressure drop of the core, Pa

S dimensionless retention concentration

U Darcy velocity, m/s

T dimensionless time

t time, s

Te transition time

Ts catching-up time of the internal cake front
X dimensionless coordinate

X coordinate, m

z internal cake thickness, m

Greek letters

o critical coefficient

p formation damage coefficient
A filtration coefficient

n viscosity of suspension, Pa s
T tortuosity

o} core porosity

$2 porosity of internal cake

b3 porosity of external cake

P4 porosity of the mixture cake
c retained particle concentration, m 3
Subscripts

m medium

c cake

ec external cake

ecmix  mixture cake

Analytical models for deep bed filtration with constant and varying
rates for linear and axisymmetric flows have been derived by Civan
and Rasmussen (2005). Numerous laboratory tests have been treated
by the analytical model with the observation of good agreement
between the analytical and experimental modelling. More complex
model for deep bed filtration is proposed by Civan and Nguyen (2005).
All pathways are divided into two parts—those plugging and non-
plugging. The analytical models as well as their tuning by laboratory
tests have been performed.

During particle deep bed filtration through porous media, there
exists a critical moment when the retention concentration of particles
at the core inlet reaches its critical value (Khatib, 1994). After the
moment, few particles can penetrate into the core. Instead, the new-
coming particles form external cake only. This critical moment is
termed as the transition time. The existence of transition time has
been observed and its evaluation has been studied intensively (Ochi et
al., 1999; Zitha et al., 2013). The phenomenon of particle deep bed
filtration followed by the formation of external filter cake is not
described in the above classical DBF models (Tien, 2012).

Moreover, the oversimplified DBF model using the overall particle
concentrations does not account for the effect of pore and particle size
distributions on permeability decline in field cases (Veerapen et al.,
2001; Massei et al,, 2002; Windarto et al.,, 2012). Glenn and Slusser
(1957) reported that certain distribution of particle sizes may reduce
the permeability impairment for a given pore size distribution, i.e., the
particle size distribution must be accounted for in the cake formation
model. Corapcioglu and Abboud (1990) developed a model for cake
filtration process accounting for different size particle penetration at
the cake surface and migration in the cake. Furthermore, the
compressibility effect of the external cake is taken into account with
the modelling of the cake growth dynamics considering cake filtration
(Sherwood and Meeten, 1997; Tien et al,, 1997; Lohne et al., 2010).
Civan (1998a, 1998b) investigated cake formation and stabilisation for
cross flow filtration. The kinetics model accounts for erosion rate,
which is proportional to the difference between the critical and
current values of the shear stress. Non-Newtonian fluid properties
are taken into account. The analytical models have been derived. Good

agreement between the modelling and experimental data has been
observed for both linear and radial flows.

The traditional model presents a linear growth of pressure drop
over time along the core and its abrupt increase during the external
filter cake formation. It results in the delay of external cake formation
if compared to particle penetration into the rock. The growth of
internal cake formed by the fine particles inside the external cake after
the transition time is not accounted for in the models for either
drilling fluid invasion or water injectivity (Pang and Sharma, 1997;
Wennberg and Sharma, 1997; Suri and Sharma, 2004; Bedrikovetsky
et al,, 2005). So, the above models assume DBF occurring before the
transition time and build-up of external cake afterwards. Yet, in
practice, a significant fraction of particles in drilling fluid exceeds
pore sizes, so the formation of external cake starts at the beginning of
injection, simultaneously with fine particle DBF (Abrams, 1977; Hands
et al.,, 1998; Massei et al.,, 2002; Tien, 2012).

To the best of our knowledge, the mathematical model for cake
filtration that accounts for co-occurring deep bed filtration and
cake formation as well as internal cake formed by small particles
inside the external cake by large particles is not available in the
literature.

The present work aims to partly fill the gap considering injection
of bi-sized suspension in the rock. The large particles start building the
cake at the beginning of injection; while the small particles simulta-
neously filtrate through the built-up cake and penetrate into the
porous media. After the transition time, the small particles filtrate in
the external cake only. The aim of the present work is to develop a
mathematical model for cake filtration (i.e. cake formation and deep
bed filtration), including the external cake formation by large particles,
DBF of small particles, internal cake growth inside external cake after
the transition time, and possible formation of mixture cake after the
catching-up time. Besides, the laboratory experiments on the injection
of bi-sized suspension into a reservoir core have been performed. The
results obtained from the proposed model match the laboratory data
with high accuracy, which validates the model proposed.

The structure of the paper is as follows. First, the traditional deep
bed filtration and cake formation model for mono-size particles is
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briefly reviewed. It is followed by the development of advanced two-
size particle model for external cake formation. Afterwards, the
obtained results applying the proposed model are analysed. Finally,
the treatment of data from laboratory tests validates the pre-
sent model.

2. Traditional deep bed filtration and cake formation model
for mono-size particles

In this section, the traditional model describing external cake
formation and deep bed filtration of mono-size particles in porous
media is reviewed. The assumptions of the model include cake formed
by compact particle packing, constant porosity of the core and the
cake due to low retention of particles, and incompressibility of particle
suspension and cake.

Traditional theory considers mono-modal narrow particle size
distribution and focused mostly on two extremes: (a) particles larger
than pores and (b) particles much smaller than pores.

Let us start from the simplest case, in which the injected
particle size is larger than all the pore sizes in the media. There-
fore, particles accumulate outside the core inlet and form the
external cake. There is no deep bed filtration in this case. Darcy's

equation
oP _ uU
x_ k @

is integrated in terms of the distance x to calculate the pressure
drop in the core

puUL

APy = . )
m
and the pressure drop in the cake
kec
The total pressure drop is the sum of these two parts
AP = APy+ APy = uu | £ 4 e® @)
km Kec

where k,, and k.. are the permeability of the core and cake,
respectively; L and L(t) stand for the length of the core and
thickness of external cake, respectively. u is the viscosity of
injected suspension and U is the Darcy velocity. The total pressure
drop AP is a linear function of time.

In the case of injected particle size smaller than the pore size of
the media, particles first filtrate into porous media, then followed
by the formation of external cake after a certain moment (transi-
tion time). The model describing this process consists of the
following two equations:

Population balance of total suspended and retained particles

J ac
— U—=0 5
Kinetics equation of particle retention

[}
E:/{CU (6)
as well as the initial and boundary conditions t=0: c(x, 0)=
o(x, 0)=0; x=0: c(0,t)=c’. The filtration coefficient is denoted
as A.

The retained particle concentration o(x, t) is solved from
Egs. (5) and (6) and applied to the formula for pressure drop
along the core

1+po(x,t)
AP, =/4U/ “k0) dx (7)

in which f is the formation damage coefficient. The pressure drop
in the external cake is calculated using Eq. (3). The sum of these
two parts gives the total pressure drop

L
AP = APy + APec = uU [ / Wd ) ®)
0

kin(0) Kec

3. Deep bed and external filtration of two-size particles

In this section, the model of external cake formation with
injection of two-size particle is derived.

The size of injected small particles r is smaller than pore size
rp, while the size of injected large particles ry is larger than r,
(Fig. 1). The process of small particle deep bed filtration in the core
and simultaneous external cake formation described by the pre-
sent model can be divided into three stages as follows (Fig. 2):

In Stage 1 (Fig. 2a,b), large particles cannot enter the porous
medium and only form the external cake from the beginning of
injection, since r; > r,. Small particles filtrate through the cake and
into the core (r; <1,). Suspended particle concentration in the core
decreases, while the retention concentration increases. At the
transition moment, the retained particle concentration reaches
its critical value at the core inlet. No particles can enter the core
after the transition moment. This is the end of Stage 1.

The total pressure drop AP=AP..+ AP, where AP,. and AP,
represent the pressure drops in the external cake and in the porous
medium, respectively:

UL
Apec = k -(0) [D1 +ﬂ¢)3C3(D] +1)]

,uUL 0(D1 +1) DT
k0P D2 [e"p< 0 +1>>_1]

9)
AP, :/‘_UL{1 +ﬂ¢]c°/1D‘ +1 { ~(1—exp(—2))
km(0)
_ R(D] =+ l) < X (/‘LCD] —RA(D] =+ 1) 7/1£D] T)
ACD] —R).(D] +1) R(D1+1) Di+1

-eo(521)) ]} o

The derivation of pressure drops (9) and (10) is provided in the
Appendix B.

In Stage 2 (Fig. 2c), the external cake formed by large particles
keeps growing. Small particles start to accumulate outside the core
inlet and form the internal cake inside the external cake of large
particles. The retained particle concentration in the core is
unchanged, since no more particles can penetrate into the
medium.

The total pressure drop AP= AP, + APec; + AP,c, in which the
three components AP,,, AP, and AP,, are the pressure drop in
the medium, between the fronts of external and internal cakes,

4

Small
Particles

Large

Pores Particles

Frequency

i
Diameter

Fig. 1. Large particles do not penetrate into the media and start forming the cake at
once while small particles perform deep bed filtration in the media.
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Porous Media

Filter Cake Porous Media

Filter Cake Porous Media

Porous Media

Filter Cake

Fig. 2. Two scenarios for two-size particle cake formation: (a) beginning of two-size particle suspension injection; (b) deep bed filtration of small particles with
simultaneous formation of cake by large particles; (c) small particles start filling pore space of the cake after the transition time; (d) development of the mixed-particle cake
after small particle cake front catching up with the large particle cake front. Zone I: clean core at t=0; Zone II: DBF of small particles in the core; Zone III: unchanged
retention concentration profile in the core; Zone IV: small particles filtration in external cake; Zone V: internal cake growth inside external cake; Zone VI: new cake formed

by mixed two-size particles.

and between the front of internal cake and core inlet, respectively:

uUL D1+1{

0
AP, =} (0){1 £y PO —exp(—2)

_ RD1+1) (ex (ch1 —RA(D, +l)_)chthr)
7D —RID + D\P\U RO+ 1) Di+1

/1chTtr
-oe(-5) )} an

UL Di+1

APeer =755 {1 +Bhs O )] (DiT+2(T))
| HUL 0(D1+l) L, DiT+2(T)
Fhee0) 925 {Xp( o)1 02
L

APeey = B9 ) a3
ec12

in which the thickness of internal cake z(T) is calculated from

Di+1 (1 _ Bexp(— ((4Dn)/(D1 + 1))%)) exp( 4D, T)

2(T) = In

(1—¢h,)Dy Di+1

e
(l ¢>)Dy

Derivations of Egs. (11)-(14) are given in the Appendix C.

The front moving speed of the external cake formed by large
particles may differ from that of the internal cake formed by small
particles. It depends on the concentration ratio of small and large
particles in the injected suspension as well as the porosities of the core
and the cake. If the internal cake front moves slower than the front of
the external cake, Stage 2 continues. Otherwise, if the front of internal
cake moves faster than that of the external cake, the internal cake

} DiT (14)

front catches up with the external cake front. Stage 2 transits to
Stage 3 at the catching-up time.

In Stage 3 (Fig. 2d), a new cake formed by the mixture of two-
size particles begins to grow. The total pressure drop in this stage
AP=AP;;+ APoc+ APocnix, Where the three components AP,
AP, and AP, are the pressure drop in the medium, from the
intersection of the two cake fronts to the core inlet, and in the
mixture cake, respectively:

APec=—1"—DiT3 (15)
keclz
UL
APegpis = f—D3(T—T) (16)
ecmix

and AP, is calculated by Eq. (11). The catching-up time T3 is
obtained from

D;+1

n 1-¢§/((1—¢2)D1)
AcDy 1—cfexp(—

((AcD1)/(D1 + D)Ter /(1 —p2)D1)

T =
a7

Eqgs. (15)-(17) are derived in the Appendix D.

For constant injection rate, the impedance caused by cake
formation is the ratio of total pressure drop at time T and the
initial pressure drop

AP(T)
= AP(0) (8
The complete set of formulae for impedance profile in all stages

is summarised in Table 1.
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Table 1
Formulae for impedance profile at each stage.

205

Time Impedance (J)
interval
1 [ wUL uUL oDy +1) DiT
T<Te o= Apo{k o5 D1+ A+ DT s SO {xp(wm)fl]}
1 (UL o.Di+1 R(D1 +1) 4Dy —RADy +1) AcDiT 4Dy T
I =g a0 S, 10~ s (e (P )~ (o 5an))]
J=Jec+)m
uUL (D1+1) L WUL o o(Di+1) Dy T+2(T)
T <T<T3 Joq = Apg{k (0)[ +pep3€S ](D1T+Z(T)) (0),6¢3c3 Dii. [exp(—/lc D1 1) )—]}}
1 uUL
Jer = 3o (=2
Di+1 czexp( D, +1Trr) AcDq Cg
werea) =25 U (1S o ()« -] o
1 UL 0 R(D; +1) 4Dy —RADy+1) 2D Ter 4cD1 Ty
InTiy= g 1 P —expi—ay - 5RO (explelle HOLED 2Ty ey APl )]}
]:]ecl Jr]ecz +]m(T[r)
_ 1 pUL
T<T3 ]ec__rpnkecn 13
1 uUL
]ecmix - TpokecmixDS(T* T3)
1 wUL 0 D1+1 R(D1+1) AcD1 —RAD1+1) ADiTyr 4eD1 Ty
ImTe) = K p e ko (0){1“"/’1C A1 -exp(=)—7 D1—R/1(D1+1)<EXP( R(D; +1) D]+1> Xp<* D1+1>>H
]:]m +]ec +.’ecmix
4. Analysis of modelling results 45 =
——C3=5%
The results of impedance are calculated from the model 4 ——Ci=15% 1
developed above for all the three stages. Effects of different — =40
parameters on the impedance profile are analysed in this section. 35 63_600/ 1
The impedance as a function of time with different injected o R 1
small particle concentration c§ is shown in Fig. 3. Here the § 3r | 2
dimensionless time PVI=Ut/(¢);L). The larger is cJ, the more is 2 o 1/ | \
the captured particles per unit time, and the earlier is the £~ | | | \
transition time T,. The larger is the small particle concentration 51 | | | l \ |
c3, the faster is the impedance growth at each stage. This is due to | | | | ‘ -
the smaller porosity and lower permeability caused by the larger 15k | | 2|
proportion of small particles at each stage. Moreover, the higher | L }
fraction of small particles corresponds to the earlier catching-up of 1 3 T T3 L
the internal cake front. 0 50 100 150 200
The impedance curves calculated using different values of PVI

internal cake porosity are compared in Fig. 4. If the external cake
porosity is fixed, the impedance grows more slowly as the internal
cake porosity increases at Stage 2. The value of internal cake
porosity does not affect the impedance at other stages. With the
constant internal cake porosity in Fig. 5, it is shown that the
decrease of external cake porosity leads to faster impedance
growth at Stages 1 and 2.

Fig. 6 shows the obtained impedance curves with different values
of formation damage coefficient f. A larger formation damage
coefficient results in a faster impedance growth at Stage 1. The other
two stages are not affected by the value of damage coefficient f in
the core.

The impedance as a function of time with different values of
medium filtration coefficient A, is shown in Fig. 7. Higher value of

Fig. 3. Impedance curves with different small particle concentrations for two-size
model (c§=5%, 15%, 40%, 60%). Scenario 1: internal cake front can catch up with the
external cake front; Scenario 2: internal cake front cannot catch up with the
external cake front. T, is the transition time. Ts is the catching-up time in the first
scenario.

Am indicates a larger number captured particles per unit time,
which leads to an earlier transition time. However, the effect of the
cake filtration coefficient A, on the transition time is negligible
(Fig. 8). This is due to the small thickness of the external cake,
which results in relatively small number of captured particles in
the external cake compared to the injected suspension
concentration.

Fig. 9 delivers the impedance curves obtained using different
value of the critical coefficient a=0(0,T;)/¢p. The smaller is the
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Fig. 6. Impedance versus time for different values of formation damage coefficient g.

critical coefficient, the earlier is the transition time. Furthermore,
the catching-up time of the internal cake front T5 reduces with a
due to the smaller thickness of external cake at the transition time.

5. Experimental validation

Laboratory test on the process of particle deep bed filtration
and external cake formation has been performed using the Berea
Sandstone core. In the experiment, the injected large and small
particle concentrations are 50 and 25 ppm, respectively. The
diameters of large and small particles are 100 and 1 um,

T
——2_=100
m
6 | ——2a =200 1
m
—2_ =400
m
5 - -
@
o
s |
T 4t | B
()]
g
T o3 b 1
.
| o
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; . . el
0 50 100 150 200
PVI

Fig. 7. Impedance curves for different formation filtration coefficients A,.

35
|
3r |[ .
[l
® Il
o 25 [ )
= [
b I} —— =10
E 2 Il — =550
|
15| [ |
|
13 1l 13
g : L :
0 50 100 150 200
PVI

7 T - -
—0=0.1
6 — a=0.05 4
— a=0.03
— a.=0.01
5r i
[0
(5]
S
T 4 i
[}
o
E
3 I ]
| I
2t | I .
| I
4 Ttr T3 |, Titr Ttrl] T3 )
0 50 100 150 200
PVI

Fig. 9. Impedance curves for different critical porosity coefficients a.

respectively. The core length is 4.7 cm, core permeability is
317 md and porosity is 0.2. The diameter of the core cross-
section is 3.8 cm.

The impedance profile calculated from the measured data is
treated by the two-size model accounting for two scenarios
(Fig. 10). The tuning parameters for Scenario 1 are as follows:
the critical coefficient @=0.03, formation damage coefficient
[=3200, external cake porosity ¢;=0.24, porosity of internal
cake ¢p,=0.35. The tuning parameters for Scenario 2 are: ®=0.03,
formation damage coefficient =4500, external cake porosity
¢1=0.38, porosity of internal cake ¢,=0.20. The permeabilities
of external and internal cakes are calculated from the Kozney-
Carman formula (A-8).
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Fig. 10. Impedance profile prediction accounting for different scenarios of the two-
size model. Scenario 1: internal cake front can catch up with the external cake
front; Scenario 2: internal cake front cannot catch up with the external cake front.
Ty is the transition time. T is the catching-up time in the first scenario. (For
interpretation of the references to colour in this figure, the reader is referred to the
web version of this article.)
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Fig. 11. Comparison of impedance profile using the present two-size model and the
traditional mono-size model. T, is the transition time. Ts is the catching-up time in
the two-size model.

In Scenario 1, the internal cake front can catch up with the
external cake front. Therefore, all the three stages exist (see the
red curve in Fig. 10). Scenario 2 corresponds to the case that
internal cake front cannot catch up with the external cake front.
Only Stages 1 and 2 appear in this scenario (the blue dashed curve
in Fig. 10). It is clear that the first scenario results in a better
agreement between the experimental data and the model predic-
tion than the second scenario.

Comparison of the impedance prediction between the pro-
posed two-size model and the traditional mono-size model is
presented in Fig. 11. It is worth noting that the averaged particle
size applied in the mono-size model is larger than the pore sizes,
therefore all the particles accumulate to form the external cake
and no DBF happens in the core. There is no transition time in the
mono-size model, which causes the predicted curve using the
traditional model deviates from the measured impedance profile
(the coefficient of determination R>=0.620). The present two-size
model predicts the transition time and the catching-up time
successfully and agree well with the impedance profile from lab
data (R*=0.985).

So, the mathematical model for deep bed filtration and external
cake formation during the injection of bi-sized suspension exhibit
more complex behaviour than the mono-sized model. Moreover,
the mono-sized model cannot match the laboratory data on

bi-sized suspension injection, while the bi-sized suspension injec-
tion model matches the laboratory data with high accuracy. It
allows expecting that the developed bi-sized suspension injection
model can match well with the data on injection of water with
particles or invasion of drilling fluids and, therefore, can be used in
the design and planning of these processes. However, additional
studies are required to support this claim.

6. Conclusions

Mathematical modelling and laboratory experiments on the
injection of two-size particle suspension in porous media allow
drawing the following conclusions:

The external filter cake formation during injection of two-size
particle suspension in porous media can be described by the
analytical model. Pressure drop along the core and cake, as well
as the suspended and retained particle concentrations can be
expressed by explicit formulae.

Two different regimes of cake formation have been distin-
guished in the model and in laboratory experiments: (1) slow
growth of the external large-particle cake with fast moving of the
small-particle cake front inside the large-particle cake followed by
further cake build-up from the mixture of injected particles;
(2) fast growth of the external large-particle cake with slow
development of the internal small-particle cake filled in the
large-particle cake.

The first regime is typical for high concentration of small
particles in the injected suspension, which exhibits piecewise
impedance curve with three segments; while the second regime
takes place for low concentration of small particles, presenting
two-segment piecewise impedance curve.

Treatment of the laboratory test data by the analytical model
shows that the first regime of the external cake formation has
been occurring in the experiment.

The experimental data on two-size particle injection with deep
bed filtration and external cake formation can be matched by the
analytical model with high accuracy. Good agreement between the
laboratory and modelling data validates the proposed two-size
model, which delivers better prediction of the impedance profile
than the traditional mono-size particle cake model.

Mathematical modelling using the analytical solution shows
that the larger is the injected concentration of small particle, the
faster is the impedance growth at each stage. It is explained by
smaller porosity and permeability resulting from small particles.
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Appendix A. Governing equations and analytical solution
for particle deep bed filtration

Consider injection of suspension with two-size particles. Parti-
cles with the larger size are larger than all the pore throats. Hence,
they cannot enter the porous medium; instead, they form the
external filter cake from the beginning of injection. Small particles
injected first filtrate through the external cake formed by large
particles and then penetrate in the porous rock.
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System of equations for particle deep bed filtration consists of
the population balance equation for all the small particles

a ac

Sildc+o)+U—=0 A-1)
and the kinetics equation of particle capture

e

== AcU (A-2)

Darcy's law is applied to calculate the pressure drop along the
distance

k op

—u(1+po) ox A-3)

Introduction of dimensionless variables and parameters

X Ut c c k
X—»Z, T_’ﬁ’ C=@, S=¢—Cg, A=AoL, qu—ﬂp
into Egs. (A-1)-(A-3) yields the following dimensionless system of
governing equations

A-4)

AC+S)  aC
o =0 (A—5)

s
SF=4C (A—6)
1 oP A=)

1+¢cIBSX,T) 0X

Here p is the viscosity of suspension, U is the Darcy velocity, f is
the formation damage coefficient, A is the dimensionless filtration
coefficient, which is denoted as A. for the filter cake and 4,, for the
porous medium. ¢J is the injected small particle concentration, and
C is the dimensionless particle concentration. ¢ is the retained
particle concentration, and S is the dimensionless retained particle
concentration. L is the core length, ¢ is the porosity. For conve-
nience, ¢b; and ¢b3 are introduced in the model for porous media
porosity and external cake porosity, respectively. k(0) is the initial
permeability, k,(0) and k.(0) stand for the initial permeability of
the porous medium and that of the external cake, respectively.

The initial permeability is calculated using the Kozney-Carman
equation (Civan, 2007)

1 ¢°D}
727(1- ¢y

here 7 is the tortuosity and D, is the particle diameter.

The analytical model presented below is based on the solution
of the initial-boundary problem for constant concentration sus-
pension injection into a clean bed. The initial and boundary
conditions are

k(0) = (A—8)

t:OZ C:S:O
x=0:C=1 A=-9)

The solution to the equation system (A-5)-(A-7) with condi-
tions (A-9) is obtained as

e~ X<T

C(X,T):{ 0. X>T (A-10)
MT=Xye=* X<T

S(X,T)—{ ( 0) X>T (A-11)

Appendix B. Pressure drop in the first stage of cake formation
(before transition time): 0 < T < Ty,

The characteristic curve passing through a point (X, T) crosses
the external cake front at the point (-DT>, T2), so
T-X
Dy +1
where D, corresponds to the speed of external filter cake built of
the large particles. It is obtained from the mass conservation of
injected large particles: D =¢)sc3/(1—¢bs).

Substituting Eq. (B-1) into (A-10) results in the suspended
particle concentration in external cake

DiTo4+X=T-T,, T,= B-1)

B-2)

C(X.T) = exp[— Ac(D T2 +X)] = exp { a2 T+X}

D1 +1

Retained concentration of particles S(X, T) is derived by
integration of (B-2) in terms of T from -X/D; to T

D1+1 D1T+X
{] —exp{—lc D, 1 }}

SX,T)= (B-3)

Finally, the pressure drop over the external cake is obtained by
using the Darcy's law

0
Apee=HUE 7 (14 pihy§SX. T B-4)
kec(0) J_p,T
which is expressed as
Apec k (0) [Dl +ﬁ¢3c3(D1 + 1)}
ﬂUL o(D1+1)? DiT
oS b)) @)

At the core inlet, the suspended concentration, as it follows
from (B-2), is

X=0:C(O,T)=exp{ A 1T] (B-6)

D;+1

The propagation velocities are different in the cake and in the
core. The coefficient R=¢3/¢h; is used to normalise the propaga-
tion velocity in the core based on that in the external cake

K_p_ts
b1
The characteristic curve crossing the point (X, T) intersects

the core inlet at the moment T. Integrating the above Eq. (B-7)
leads to

B-=7

X T
/dX:R/ dr B—8)
JO JT
Thus, we have
1
T =T—— (B -9)

The characteristic curve covers the distance D;T; inside the
external cake and distance x in the core. We can calculate the

particle concentration by the new boundary condition
x=0: C=C0,T)
CX,T)=exp(—4:D1Ty)exp(—1X) = exp —/ICD1L
Dl + 1
exp(—iX) = exp —ACD1T_X/R exp(—iX) (B—10)
Dy +1

Retained concentration S(X, T) is found by integrating the above
equation in terms of t from X/R to T

Aexp(— }.X)D] +1 {1 exp(—&chwﬂ

SX,T)= B-11)

D]—i—l
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From (B-11), we have
D] +

1 T
S(0,T) = {1 —exp(—ACDlmﬂ (B-12)
It allows calculating the transient time T,
¢]a D]-I-]{ |: Dthrjl}
= 1— — B—13
Cg¢3 j’ lCDl exp ACD] +1 ( )
which results in
Di+1 (¢1/p3)aAcDy

Ty=———In|1- L2270 B—-14

o= "70D, n( YDy +1)A ( )

The pressure drop in porous medium is obtained by using the
Darcy's law

pnUL
=7 (0)/ (1+Bp,c3SX, T))dX

Substituting Eq. (B-11) into the above Eq. (B-15), we have APy,

(B—15)

as

uuL 0
=% (0){14‘ﬁ¢1c3/1 ),(1 exp(—A4))

R(Dy+1) <ex (1 D; —RAD; +1) ACDJ)
A0 RO+ D\TP\UT RO 1) Di+1

~e(-51)]}

Thus, the total pressure drop is obtained by the sum of the
pressure drop over the external cake and that in the porous
medium.

Ap,, = D1+1{

(B - 16)

Appendix C. Pressure drop in the second stage of cake
formation (interval between transition time and cake front
catching-up time):T, <T < T3

After the transition time Ty, small particles cannot penetrate
into the core anymore. Therefore, suspension concentration at the
core inlet is zero, and retained particle concentration remains
constant.

At the moment T, the internal cake formed by injected small
particles starts to accumulate inside the external cake of large
particles; simultaneously, injected small particles still filtrate in
the external cake and can be captured before reaching the front of
the internal cake.

Suspension concentration at the front of internal cake, which
propagates inside the external cake X=z(T), as it follows from
(B-2), is given by

(C-1n

C(&(T),T)=exp {_ ACM}

Dy +1
The moving speed of the internal cake front is obtained from

the mass balance of injected small particles:

dz _C(@z,T)c§

ar— 1-¢,

where ¢, is the porosity of the internal cake formed by the small

particles. Combining Eqgs. (C-1) and (C-2) results in the ordinary

differential equation for the internal cake front location z(T)

dz_ 1 [ DiT+z

aT 1=, P 7D+ 1

(C-2)

(C-3)

By solving the above equation, we obtain the front location of
internal cake z(T) as a function of time T

Di+1 c9exp(—((AcD1)/(Dy + 1)T¢r) AcDy
A mKl - (1= >e"" (D1 +1T)

zZ(T)=

C3
(1 (1-¢,)D;

The moment when the internal cake front catches up with the
front of the external cake T; is calculated from the intersection of
front trajectories:

-DiT (C-4

2(T3) = —D1Ts (C-5)
which leads to the formula for the catching-up time T3
7, Dit1 —c9/((1=¢2)D1)
3= n 0
4Dy 1—cexp(—((AcD1)/(D1+1))Te/ (1 —p3)D1)
(C-6)

From Eq. (A-7), the pressure drop of the external cake between
the fronts of external and internal cake can be derived by
integrating in terms of x from -D¢T to z(T)

uUL

DPec1 = k (O) (1 +ﬁ¢3 S(X,T))dX

()]

The pressure drop between the front of internal cake and the
core inlet can be calculated by the Darcy's law directly

UL
Apecy = —E==2(T) (€-8)
ecl2
where kec12 is the permeability of external cake filled by internal
cake of small particles.

Thus, the total pressure drop is the sum of the pressure drop in
the porous medium (B-16) at T=T,, that in the external cake
between the two cake fronts (C7) and that between the internal
cake front and core inlet (C-8), as follows

Ap = Apm +Apecl + Apecz (C - 9)

Appendix D. Pressure drop in the third stage of cake formation
(after the cake front catching-up time): T > T

After the intersection of the fronts of external and internal
cakes at point (X3,T3), a new cake is formed by the mixture of two
size particles (overall injected suspension). The front speed Ds is
obtained from the mass balance of injected large and small
particles: Dz=¢)3(c}+c9)/(1—¢,). Here, ¢, is the porosity of the
cake formed by two size particles (overall injected suspension).
There is no deep bed filtration the third stage.

The pressure drop of the mixture cake formed by two size
particles can be obtained from

uUL

I eCl’l’”X

Apecmix D3(T T3) (D - ])
where K.cmix iS the permeability of the mixture cake formed by two
size particles.

The pressure drop of the external cake from the intersection of

the two cake fronts to the core inlet can be calculated as

UL
Apee=—1—DiT3 (D-2)
ec12
Finally, the total pressure drop can be calculated by
Ap = Aprrz +Apec+Apecmix (D-3)

The impedance caused by cake formation for constant injection
rate is defined as

Ap(T)

I=Ap0)

D-4
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